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Preface

Modern understanding of gravitational phenomena is based on the concept of
the spacetime geometry. This is drastically different from Newton’s theory in
which the Euclidean space and an absolute time represented a fixed arena for
independent physical processes of different kind: mechanical, electric, magnetic,
gravitational. Eventually, the development of ideas of Minkowski and Einstein
culminated in a unification of space and time into a four-dimensional spacetime
manifold. Its geometry became dynamical: it is no longer assumed to be fixed
but depends on the motion of matter. In a broad sense, gravitation can be
viewed as a geometrodynamics, i.e., as a theory of a dynamical geometry of
spacetime. The beautiful and powerful methods of differential geometry are used
in Einstein’s general relativity (GR) to describe the gravitational phenomena
in terms of the properties of the four-dimensional spacetime manifold. Later,
it was recognized that the three other physical interactions (electromagnetic,
weak and strong) can also be geometrized by making use of the Yang-Mills
gauge-theoretic approach, and a natural question arose whether the gravity
theory can be consistently formulated in the gauge framework. The answer is
not that simple as it might appear at the first sight. The subtle point is that
the Standard Model is based on the fundamental symmetry groups acting in
the internal spaces, whereas the gravity is obviously related with the symmetry
of the spacetime itself.

In the recent decades, a growing interest of researchers has been attracted
to the problem of construction of a unified theory of fundamental interactions.
Such a theory, capable to explain the hierarchical structure of physical forces
in nature, most probably could be based on the universal principle of the local
invariance and on the resulting formalism of the gauge fields. A significant
progress in this area is manifest in the development of the unified models of weak
and electromagnetic interactions so successfully confirmed by the experimental
discoveries of the gauge bosons and the Higgs particle. However, these models do
not take the gravity into account, and therefore they should be considered only
as approximations to the unification of all interactions which could take place
on extremely small scales, or at the very high energies and high temperatures of
the early Universe, when the gravitational effects are expected to be significant.
Thus, the next step in the construction of a genuine unified theory is a consistent
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inclusion of gravity in the general scheme of fundamental physical interactions,
reconciling the principles of general relativity theory with those of the quantum
theory and of gauge field theory.

This book gives an overview of the geometrical gauge approach to the gravity
theory (Chapters 1, 4-6) and methods of the gravitational field quantization
(Chapters 2, 3 and 7). Taking into account the long history of the subject and
the volume of the relevant literature, the material for the book was carefully
selected to provide a minimal but sufficient mathematical introduction to the
methods of the gauge gravitational theory (Chapter 4), and to give a concise
but exhaustive description of all specific physical consequences (Chapters 3
and 5). The special feature of our book is the use of the invariant language
to describe the (3 + 1)-decomposition of the spacetime manifold (Chapter 2).
A particular emphasis is put on a comparison of three different quantization
methods of the gravitational field — the covariant approach, the Dirac-Wheeler-
DeWitt quantization and the method of Arnowitt-Deser-Misner (Chapter 3).

In this regard, it is worth emphasizing that many dramatic changes took
place recently in understanding the concepts, issues and motivations of quantum
gravitational physics. Precision cosmology in the form of the cosmic microwave
background (CMB) observations actually rendered quantum gravity the status
of an experimental subject, inflation theory acquired a dominant role in the
picture of the early Universe and we have been put face to face with the mys-
teries of the dark matter and dark energy phenomena. On top of this progress
quantum geometrodynamics method and quantum cosmology have lost a sta-
tus of acute direction in theoretical physics and, moreover, a widely accepted
viewpoint prevailed that this approach is essentially discredited due to numer-
ous but rather unproductive applications of the Wheeler-DeWitt equation. This
opinion is, however, very erroneous, in particular, because the analogous situa-
tion in quantum field theory is treated completely differently — nobody calls in
question the status of the Schrodinger equation, even though almost all field-
theoretical results were attained by the relativistic invariant S-matrix method.
Similarly with the Wheeler-DeWitt equation — it lies at the foundation of quan-
tum gravity theory of the Universe as a whole, even though its direct application
to concrete problems might be ineffective and should be replaced by such ad-
vanced, though technical, tools as path integration. This is the main objective
of Chapter 7.

The idea to write this book was born after the reprint volume with commen-
taries by Friedrich Hehl and Milutin Blagojevi¢ “Gauge Theory of Gravitation”
was published in 2013, referring to our monograph “Geometrodynamical meth-
ods and gauge approach in the theory of gravitational interactions” which ap-
peared in Russian in 1985. An original plan was to translate that old book into
English. However, soon it became clear to the authors that after the 30 years
some of the material became outdated and should be removed, whereas im-
portant new results which appeared in the meantime (also due to the authors)
should be included. A need of the serious changes became obvious, and a new
deeply revised book was written, now in English. In particular, the discussion of
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the classical gauge models and the quantum gravity methods has undergone an
essential revision. At the same time, we decided to preserve the general struc-
ture of the monograph and to keep the overall presentation style which was, in
our opinion, quite successfully chosen in the old book.

We did not intend to describe in detail the modern mathematical methods
of the classical gravity theory, which can be found in [2, 3, 4]. The summary of
the relevant notions and definitions is given in Appendix A3. At the same time,
all the derivations and constructions necessary for understanding of the book
are given in full. We also did not try to provide a comprehensive review of the
literature on the subject. This is to some extent compensated by the comments
to the literature presented at the end of the book in Appendix A4. Moreover,
we compiled an exhaustive bibliography of more than 3000 publications on the
gauge gravity theory, its physical aspects and related mathematical results.
Since no special preselection was made, the readers should clearly understand
that some items in this bibliography may be erroneous or misleading, however,
we do hope that none of the important publications on the gauge gravity was
overlooked, thus making this bibliography a useful resource on the subject.

The book addresses the physicists who specialize in the gravity theory and the
high-energy physics, and it can be recommended to the graduate students and
senior undergraduate university students in physics and mathematics, who are
familiar with the classical and quantum field theory at the level of the textbooks
“Classical field theory” of L.D. Landau and E.M. Lifshitz and “Introduction to
the theory of quantized fields” of N.N. Bogoliubov and D.V. Shirkov.

The book is written jointly by the authors. Chapters 1, 4-6 are based on
original works of Yu.N. Obukhov and V.N. Ponomarev. The material presented
in Chapters 2, 3, and 7 is based on the results obtained by A.O. Barvinsky and
V.N. Ponomarev.

To help the reader, we give an approximate scheme of dependence of the
chapters:

7 2 3 7

4 5 6

The authors express their profound gratitude to all colleagues who took part
in the discussion of results presented in the book. We are sincerely grateful
to the scientific and administrative staff of the Nuclear Safety Institute of the
Russian Academy of Sciences (IBRAE RAN) for the constant and generous
support and for the assistance in preparing the manuscript for publication. One
of the authors (A.O.B.) is grateful for hospitality to the Theory Division of
CERN where his work on the book was accomplished. Y.N.O. acknowledges a
partial support from the Russian Foundation for Basic Research (Grant No. 16-
02-00844-A).
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1

Lagrangian description of gravity
theories of Hilbert-Einstein type

1.1. Geometrical spacetime structures

In the framework of the geometrodynamical approach, we model the spacetime
as a smooth four-dimensional manifold M4. On the latter, one can introduce
various geometrical structures to describe the gravitational field. In this section,
we present a brief overview of the most important ones: the metric and the
affine connection structure. The summary of the main notions, definitions and
methods of the modern differential geometry can be found in Appendix A1, for
a more detailed exposition see [2]-[4]. Our basic notations are given on page 173.

Metric structure (g-structure)

A differentiable manifold My is called a Riemannian space Vj, when the met-
ric is defined on it, that is when a smooth tensor field g, (), such that
9w () = gyu(2?), introduces the metricity relations on the manifold: for any
two infinitely close points x and x + dz, the interval (“distance”) between them
is defined by

ds?® = gudzdx”.

The metric defines a scalar product on the manifold by assigning to any two
vectors A and B a real number AB = g,,, A" B, and thereby introduces for each
vector V its length 1?(V') = g, V#*V". By definition, the metric is assumed to be
non-degenerate in the sense that the determinant g = det g,,,, # 0. This allows to
determine the matrix g"” () inverse to g, (z*) such that g" g, » = 64, thereby
establishing an isomorphism between the covariant and contravariant tensor
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spaces. In local coordinates, this isomorphism is described by the operation of
raising and lowering of indices. The metric is called Lorentzian if its signature
is +2. The Lorentzian metric structure forms the basis of the general relativity
theory (GR).

Connection structure (I'-structure)

Independently of the metric structure, one can define the structure of an affine
connection on M, manifold. The linear (affine) connection I' introduces the
local isomorphism of tangent spaces at different points = € M, of the manifold,
by specifying a rule that maps a vector V' (an element of the tangent space)
at a point x into a vector V’/ at an infinitely near point x + dx. In the local
coordinates, this law is written as

SVH =V VI = —TF, VVdz®.

Thus, equivalently, we say that the affine connection I' is introduced on M,
manifold, when the global (i.e., given in each chart of the atlas of the manifold)
field T#,,(z) is defined on it. When changing one coordinate chart {z} to
another one {z’}, the quantities I'*,,(x), which are called coefficients of the
linear (affine) connection, are transformed as

oz 0z'° 0 ox® 9 <8x’p)] ox'v

F/a N — ou o .
on (@) oz'r OxP (@) + oz'r Ozv \ OxP OxH

By defining of the connection structure, one can introduce the notion of a
covariant derivative of a tensor. The covariant derivative with respect to an
arbitrary connection I is denoted by V and is defined as follows. Suppose that
in the local coordinates, the tensor field has components Tmf;f” By’ Then

Qq...o . Qq...o o pas...(x a Qy...p
VT g s, = 0T g g, T o T g T T T 5

- FUBlNTalc;.'.O.égq T FUBQNTalb:.X.}.?o'

The connection also defines the notion of a parallel transport of tensors.
Let ~(t) be a smooth curve in My, specified by the parametric equations
~v = {z*(t)}. Then we define the covariant derivative of a tensor field T along
this curve, DT/dt. In the local coordinates, it is equal to DT/dt = -V, T.

The manifold M, with the connection structure defined on it is called an
affinely connected space (denoted by L4), and it is characterized by a number
of geometrical objects which we briefly consider below.

In general, we assume that both structures —the metric and the connection—
are introduced on the manifold. By definition, they are independent. We call
such a space a generalized metric-affine spacetime G4.

Let us consider the parallel transport of a vector V from a point x € G4
along some closed curve v C G4. When returning back to z, one finds that in
general case the final (parallelly transported) vector V'’ does not coincide with
the original one V. The difference is manifest in the three effects: the vector V’
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is rotated with respect to V, its length is changed, and the image of the contour
7 in the tangent space turns out to be broken by a non-zero vector.
These effects are determined by the following basic geometrical objects of Gy:
The curvature tensor of the connection I'

R = 0,1, — 0,13, + 1%y TP, = T TP (1.1)
the homothetic curvature tensor
Qu =0,y -0, ', (1.2)

where I, 1= F/\Au;
and the torsion tensor [20]

« (0% 1 « [e3
Q%w =T [wv] = §(F ur =T VM)' (1.3)

In the local coordinates, the aforementioned effects of the parallel transport
along a closed loop read as follows:

— the rotation of a vector:

SV ~ R, VP ds', (1.4)

— the change of the length:
M~ UV)Qu, dst”, (1.5)

— the contour image in the tangent space is broken by the vector:
£ = 2Q%,, dst. (1.6)
Here ds* is the surface element spanned by the closed contour ~.

We introduce now another fundamental tensor which is an important charac-
teristic of G4 manifold, even being not entirely independent of the tensors intro-
duced above. This is the nonmetricity tensor that measures the (in)compatibility
of the independent metric and connection. It is equal to the covariant derivative
of the metric gag:

Kuaﬁ = Vugaﬁ- (17)

We say that the metric and connection are compatible when K3 = 0 van-
ishes on My, i.e., when the metricity condition is fulfilled

ViGap = 0. (1.8)

Let us consider some properties of the fundamental tensors. A closer inspec-
tion of the aforementioned non-integrable effects (1.4)-(1.6) shows that they are
due to the fact that covariant derivatives V do not commute with each other.
For any vector V we find

(V. V, =V, V)V = R, VP +2Q°,, VsV
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This result can be generalized to arbitrary tensors. In particular, by consider-
ing the commutator of covariant derivatives of the metric, we obtain the useful
identities relating the curvature tensors (1.1) and the nonmetricity (1.7):

2V[HKD]Q5 = 2V[#V,,]gaﬁ = — 2R(ag)m, + 2me, Kyap- (1.9)

As a result, we find that the symmetric part of the curvature tensor in the
first pair of indices R(4p),, is nontrivial when K, # 0. Contracting eq. (1.9)
with g®?, we recover the homothetic curvature

1
9 Rapu = Ry = Y = = 5 (0K, — 0, K.), (1.10)

where K, = K ap g“? is the vector of nonmetricity (or otherwise, the Weyl
vector field [5]).

The equation (1.7) can be solved with respect to the connection I'*,,, so that
the latter is expressed in terms of the metric, torsion and nonmetricity:

D = () + DV (L11)

Here 1
{/);1/} = ig)\a (augpa + a,uguo - 8aguu)

is the Christoffel symbol, and
1
D)\/w = Q)\/w + Q/w)\ + QW}\ - igpA(Kuup + Kpuvp — Kpp)

is the connection defect tensor (also called a distortion tensor). The connection
;\W} is the only torsion-less connection which is compatible with the metric
structure. It is called a Riemannian or a metric connection.
An arbitrary connection with a non-zero torsion, but compatible with metric,
is called the Riemann-Cartan connection. Its explicit structure is obtained from
(1.11) if we put Kqpp = 0:

D = {0t + Q@Y + Q™ + Quu™ = (B} + T (1.12)

The combination

T)\;w = Q)\;w + Q,uu)\ + Quu)\
is usually called a contortion tensor. From now on we will confine ourselves to
the Riemann-Cartan spacetime Uy with the metric and the Riemann-Cartan
connection (1.12).

The fundamental tensors in U, have a large number of independent com-
ponents (24 for the torsion and 36 for the curvature), and it is convenient
to decompose these geometrical objects into the Lg-irreducible pieces (where
Lg = SO(3,1) is the Lorentz group). The decomposition of the torsion tensor
into the three Lg-irreducible parts reads as follows:

— 2 - «
Q)\;w =Q w 55[)1\, QM] +g/\ Euvop Q°. (113)
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—A . . . .
Here @ .. is the traceless part of the torsion tensor, with the properties:

= o . .
Q = 0 and gAwwp Q, = 0; the torsion trace vector is Q) = Q)‘HA; and

Qu = §Euwre @V is the torsion pseudotrace vector (ex,uuy is the totally anti-
symmetric Levi-Civita tensor: exuuy = €[auy])-
In a similar way, one can decompose the curvature tensor in U, spacetime

into the 6 irreducible pieces [26]:
1
RaB/w (F) = Caﬁ;w(r) + 5 {gauRBu (F) - gauRB;L (F) - g,B,uRau(F)

1
+ gﬁyRa,u(F)} - 6 (goz,u 98y — Gav gB,u) R(F)

1 1
+ 12 Eaﬁ;wD(F) + 1 {5aﬁu>\D(/\u)(F) - 504[31//\D(>\u) ()

+€uul3>\D(/\a)(F) - Euua~>\D()\B) (F)} . (114)

Here Cxuy (T') is the non-Riemannian analog of the Weyl tensor with the same
algebraic properties

Cruvx (L) = Copan(@),  CHixw(T) =0, Cauiy (L) =0,

C)\MVX(F) = C[/\u}vx(r) = CA#[VX] I,
R, (T) = R*,,, (D) is the generalized Ricci tensor, R(T') = g"” R,,,,(T') is the
curvature scalar, and D#,,(T') = 1e#@PX R 54, (T) so that D(I') = D*,(T"). The
list of the 6 irreducible curvature part includes the generalized Weyl tensor, the

curvature scalar, the curvature pseudoscalar, the skew-symmetric part of the
Ricci tensor, and the two traceless symmetric tensors:

OaﬁHV(F>’ R(T), R(,uu) () - iR(F)guw
R[l“’] (F)7 D(F>7 D(,uu) (F) - iD(F)g;w-

The total number of components is, as expected: 36 = 20+1+9+6+1+9. The
second line represents the essentially non-Riemannian irreducible parts. When
the torsion (1.3) vanishes, eq. (1.14) reduces to the standard decomposition for
Riemann-Christoffel curvature tensor [27] into the three pieces shown in the
first line.

It is worthwhile to note that the skew-symmetric tensor Dj,g)(I") does not
represent an independent part. It is expressed in terms of the antisymmetric
part of the Ricci tensor: Dy, (T') = — 36,08 RIPI(T).

The Riemann-Cartan curvature (1.12) is antisymmetric in the first pair of
indices, as it is obvious from (1.9), and it satisfies the following identities:

Ra[;u/)\] (F) = 2V[HQQV)\] + 4Qa[3[uQ'BDA] (115)
— the generalized Ricci identity;
3
RaﬁHV(F) - RMVG,B(F) = §{R[aﬁy]v(r> - R[aﬁu]u(r)
— Riuva)p(T) + Riuwpia (D)} (1.16)
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— the “commutator of pairs of indices” identity;

ViR, () = 2R 1, (T) Q% (1.17)

— the generalized Bianchi identity.
Contracting a pair of indices (upper and lower) in (1.15), we derive a so-called
contracted Ricci identity

Ripuy = (Va = 2Q3) (@ +260Qu1)

Similarly, contracting the two pairs of indices in (1.17), we find the contracted
Bianchi identities

(Vo —2Q0)G7 (1) +2Q° 4o G7 (1) + (Q% ap + 207,Q3)) R 5,,(T) = 0, (1.18)

where 1
G () = Ry (T) — 59AVR(F)
is the generalized Einstein tensor.

With the help of the geometrical objects introduced above, one can estab-
lish a natural classification of the spacetime theories in accordance with their
underlying metric-affine structures, see Table 1.1.

Tetrad structure

Along with the so-called world geometrical structures which we described above,
in the gravity theory one effectively uses their local Lorentz analogues. In the
latter approach, the main object is tangent bundle T'(M), and the related bundle
of orthonormal frames AO(M) which is the principal fibre bundle with the
Lorentz Lg structure group.

All the geometrical objects of the spacetime theory had previously been de-
fined in the local coordinates on the manifold with respect to the world or
coordinate frame 9,, = 9/0z" in the tangent space T, (M). However, it is often
convenient (and when considering spinors in My, it is necessary) to define all the
objects with respect to arbitrary orthonormal basis in T (M), {e,},a =0,1,2, 3.
Such a frame is orthonormal in the sense that the scalar products of its legs are
equal (eq - €p) = ngp = diag(—1,+1,+1,+1) — the Minkowski metric. We call
such a basis a local Lorentz frame, and accordingly all the geometrical objects
are also called the local Lorentz objects when they are considered with respect
to this frame. In order to distinguish the components with respect to {e,} from
the components with respect to {0, }, we will use the Latin indices (a,b,c...)
for the local Lorentz frames, while the Greek indices (u, v, A...) will label the
world quantities with respect to {d,}.

The transition from a coordinate frame to an arbitrary orthonormal frame is
described by the tetrad coefficients hj;. By definition

Oy = hj, eq.
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Table 1.1: Classification of metric-affine theories

Geometrical objects Type of space Example of theories
R.=0 Q.=0 Q. =0 | Minkowski space My Special relativity theory
R. =0 Q.#0 Q. =0 | Weitzenbock (or absolute | Translational gauge grav-

parallelism) space Py ity theory [34]
R..#0 Q. =0 Q. =0 | Riemann space Vy General relativity theory
(GR) [27]
R.#0 Q.=0 Q. #0 | Weyl space Wy Weyl’s gravity theory [5]
R..#£0 Q.. 20 Q.. =0 | Riemann-Cartan  space | Einstein-Cartan gravity
Us theory (ECT) [7, 6]
R..#0 Q. #0 Q. #0 | Generalized metric-affine | Various asymmetric field
space G4 theories, in particular
Einstein-Schrédinger [9]

These quantities are closely related to the spacetime metric, namely

G = Dy B Nab. (1.19)

In the bundle of the Lorentz frames, one can define a connection I'*;,, that
introduces their parallel transport. The latter is naturally induced by the world
affine connection I'* uv- The coeflicients of the local Lorentz connection read as
follows:

D, = h& hyT® g, + had,hy.

Here, the quantity hj, is defined as an inverse matrix to hf:

(1.20)

he bt =g,

" h, hly = oy

The frame e, is called nonholonomic, if the corresponding tetrad coefficients
hj, are no partial derivatives of some four functions fx), a = 0,1,2,3, ie.,
when hj, # 0, . Geometrically, it means that there are no such local coordi-
nates y® = f*(x), with respect to which e, becomes a coordinate basis. The
degree of deviation from the field of integrable local Lorentz frames, for which
such new coordinates exist, is measured by the anholonomity object

O = D% — D, (1.21)

This object is not a tensor, and it is closely related to the tetrad form of the
Riemannian connection induced by the metric. As a result, one can reformulate
Einstein’s GR in terms of the tetrad hf and the anholonomity object C*,,, [8].

Computing the commutator of covariant derivatives D, v® = 0,v* + F“buvb
with respect to the local Lorentz connection, we obtain the local Lorentz cur-
vature

Rabuu = aurabu - aul—‘ab,u + ]-—‘acp,]-—‘cbu - Facurcbu~
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It is easy to show that the latter is related to the curvature tensor of the world
affine connection,
R = heh) R,

Analogously, we can prove that it is possible to recast the torsion tensor into a
generalized covariant “curl” of the tetrad:

Dyh — Dyhly = — 2h5Q -

The tetrad formalism represents another framework for the gravity theory.
The metric and the affine connection (g,,,,I'*g,) in this approach are replaced
by the tetrad and the local Lorentz connection (hf,,I'%y,). It will be shown
later that there is close relation of the latter variables with the structure of the
principal bundle of the Lorentz group and it turns out to be possible to develop
a consistent gauge approach to the gravity theory using this formulation.

Apparently, the most convenient mathematical formalism for the gauge ap-
proach in gravity is the theory of connections in the bundles over the spacetime
manifold My. See Chapter 5 for the further details.

1.2. Hilbert variational principle and field equations
of the general relativity

Einstein [22] formulated the fundamental equations of GR describing the dy-
namics of the interacting gravitational and matter fields on the basis of an idea
that matter (its energy-momentum tensor T#") gives rise to the Riemannian
curvature of spacetime. An additional requirement was that the covariant con-
servation law T#"., = 0 should be an automatic consequence of the field equa-
tions. The latter assumption almost uniquely fixed the Einstein tensor G, as
an appropriate structure describing the geometry of the Riemannian spacetime
by making use of the contracted Bianchi identity (1.18) for the case of the
vanishing torsion Q”\W =0.
As a result, Einstein’s gravitational field equations read as follows:

Gy = kT, (1.22)

where the value of the Einstein gravitational constant k = 87G/c* = 2.07x
x107%3 kg=! m~! s2 was derived from the comparison of GR with Newton’s
gravitation theory; G = 6.67x107!! m3 kg~! s72 is the Newtonian gravitational
constant.

In a vacuum (in the absence of matter), these equations reduce to

Guw =0 or R, =0. (1.22a)
At the same time, the field equations (1.22a) were derived by Hilbert [23] on

the basis of the fundamental dynamical principle — the principle of the least
action,
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_ 1 4 I S
Sup = QHc/dz\/‘MHEf%c/dm\@R'

Gravity models based on Lagrangian which is linear on curvature, are called
the gravity theories of the Hilbert-Einstein type.

A short remark is in order concerning the dimensions. The metric compo-
nents are dimensionless, whereas the connection coefficients have a 1/length
dimension. Accordingly, the curvature and its contractions have a dimension of
1/(length)?. Consequently, the dimension of the integral is [d*z R] = m?. Tak-
ing into account that [-L] = kg/s, we find that the action [Syg] = kg m?/s =
= [A] indeed has the dimension of the action (recall that the Planck constant is
a “quantum of an action”).

By substituting the expression of the Christoffel symbols l/)l,} in terms of the
metric g, into Lg g, we obtain [27]

Lrp = LG s G s ) = 0 (200320 + 200 H5,)

1
= i(g;w,m@ + Gor, v — Gur,ov — gO’V,,UJQ) g;m gmj
+9" 9% gap ({53} — {610k )) -
Commas denote the usual partial derivatives,  := 0., etc. Let us vary the

action Sy with respect to the metric g,,,. Then

1
b9 = 2%c /d4x\/§GW59W
Q
1
+5— fdm VIg [=0g {0t +6004{2,1] =0, (1.23)
o0

1 ,
doy = 30 Expvy dztda? daX)
Einstein’s equations (1.22a) follow from (1.23), if and only if the surface term
vanishes due to the conditions imposed by the respective boundary problem

74 dox /G 9" [~6,000} + 520,{2,}] = 0, (1.24)
o0

that is when the variational principle is consistent with the boundary value
problem of the resulting Euler-Lagrange equations. The boundary conditions
specify the appropriate test functions, and thereby restrict the class of the
variational problems [10].

Einstein’s equations are the second-order partial differential equations with
respect to metric g,,,, in the spacetime domain {2, hence an appropriate Dirichlet
boundary value problem for them fixes the values of the metric at the boundary
082 of the spacetime domain, g, |po = C,,,. However, the corresponding condi-
tion on the variations, 6g,. |sn = 0 is clearly not sufficient to make the surface
term (1.24) vanish, in general. The only exceptions are the gravitational fields
of isolated matter configurations (the asymptotically flat metrics).
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Strictly speaking, the statement that a physical theory is based on the vari-
ational principle S = 0 is valid only when the system of the Euler-Lagrange
equations is solved under the boundary conditions obtained from the station-
arity condition of the action S. In other words, the boundary conditions ob-
tained from the stationarity conditions should not contradict the order of Euler-
Lagrange equations, i.e., the corresponding Lagrangian is a proper (nondegen-
erate) one.

For a given boundary value problem, a proper (nondegenerate) Lagrangian
is not linear in the higher derivatives of the field functions. Making use of this
definition, we conclude that the Hilbert Lagrangian of the gravitational field
Lygr = R is degenerate [11].

Let us illustrate the above by the example from mechanics. Consider the two
Lagrangians £; = —%qéj, and Lo = %q'Q (¢ is the generalized coordinate, the dot
denotes the time differentiation). Variations of the respective action functionals
are given by

t2 1 ta 1 ta

051 = —/ Gogdt — =qdq| + =q¢doq| , (1.25)
t1 2 6 2 t1
to 1 to

0859 = —/ Gog dt + =4dq (1.26)
tl 2 tl

Both actions yield the same Euler-Lagrange equation § = 0. However, eq. (1.25)
tells us that in order to obtain the equation of motion, it is necessary to fix the
values of the coordinate ¢(t1), ¢(t2), and the values of the velocities ¢(t1), ¢(t2)
at the boundary. But this is impossible in view of the order of these equations.
The attempt in (1.25) to impose only two conditions, for example (¢/q) ‘if, does
not lead to a physically meaningful result. As for (1.26), the equation of motion
g = 0 follows from the usual variational problem with the fixed endpoints
0q(t1) = dq(t2) = 0, consistent with the correct boundary value problem.

In a sense, £; in this mechanical example is similar to the Hilbert Lagrangian
Lug, and Lo is similar to the so-called truncated Lagrangian

Lp=G=g" (- ék}{fu/} + {gu}{Zk}) ;

see [40]. The latter is a proper Lagrangian that leads to the self-consistent
boundary value problem G, =0, guv|po = Cp = const.

It is worthwhile to note that Lp (not Lz g) up to a boundary term coincides
with the Lagrangian in the gauge theory of the translation group [13]:

1 1
£T4 = - anbccabc - ic’abcc’baC + CabbCacc-

Here C%. = hi/hZC*,,,.

In Hawking’s approach [14], the truncated action is written as

Sp = Sup + 2/d4x\/§K,
o0
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where the ordinary Hilbert-Einstein action is explicitly supplemented by the
“surface term”. The boundary term is an integral of K which is the difference
of traces of the second fundamental form of boundary 02 for the metric g
and for the flat space metric. The role of the surface term is to compensate the
contribution of the second derivatives of the metric in R, so that the Lagrangian
becomes quadratic in the first derivatives (which means a nondegenerate), as
required in the path integration method.

Along with Hilbert’s method of derivation of Einstein’s field equations from
the variational principle with the action linear in the curvature, the gravita-
tional field equations can be obtained within the framework of the first-order
formalism, commonly called a Palatini principle [28], which we present in the
next section.

1.3. First-order formalism and field equations
of the Einstein-Cartan theory

In the derivations above, the Riemannian character of the spacetime structure
was essential. However, we now recall that the metric and connection are defined
as a priori independent structures on a differentiable manifold. Therefore, from
the geometrical point of view, it would be more natural to consider g,, and
r* uv as the independent dynamical variables of the gravitational theory. This
idea underlied the variational principle of Palatini, who did not impose the
metricity condition (1.8) as a constraint equation on g,, and M uv- However,
he kept the torsion tensor equal zero: Q* = 0.

In this case, the field equations are obtained from the independent variation of
the Hilbert action Syp = 5 [, d*@ /g R(guv, T (jiw),0r T () With respect
to the metric g,,, and the symmetric connection FA(W). The variation of Sgg
with respect to the metric yields

G,uu (gﬂlM ]-—V\(p,l/),om PA(HV)) = 07 (127)

and from the variation with respect to I'* uv One obtains the metricity condition
(1.8). If the latter is solved with respect to I'*,,, (under the condition @*,, = 0)
and the result is plugged back into (1.27), we obtain Einstein’s field equation
(1.22a) as before.

The vanishing torsion condition Q* uv = 0 is the constraint equation for the
dynamical variables (g, FAW). This fact was taken into account from the
beginning of the derivation of the field equations by assuming F’\W = I"\(W). If
the constraints are not resolved from the very beginning, they should be added
to the original Lagrangian with the undetermined Lagrange multipliers. Then
the problem of derivation of the field equations becomes a variational problem
on the conditional extremum of the action [15, 16, 17]. If the constraints are
imposed after the field equations are derived, the resulting system would not
be equivalent to the case, when the field equations are obtained by taking into
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account constraints even before the variation. The exceptions arise when the
Lagrange multipliers vanish due to field equations’.

We thus have demonstrated that Einstein’s field equations in vacuum can be
obtained by the Palatini variational method provided the torsion is equal zero.
As we show below, by removing the restriction Q* uv = 0 it is possible to obtain
more general gravitational field theories.

Let us consider the gravitational field dynamics based on the Palatini princi-
ple [18], assuming the full independence of the metric tensor from the general
affine connection. The variation of Hilbert-Einstein type action (the subscript
p stands for “Palatini”)

1 1
Sp = Q—W/d%: gLp = Tm/d4x\/§R(F)
yields, in the absence of matter (in vacuum):
0Sp

= —GU(I) =0, 1.28
0w (I') ( )
)

5F>\P = — Vg™ + 8V 0" +2Q"" 5 4 g™ Dy — DY =0, (1.29)
nv

where Dy = D’ is the connection defect trace.
By splitting (1.29) into the symmetric and antisymmetric parts, we obtain:

2
Q)\,uu = - gé[);LQy], (130)
4
V/\g,uu = gQ)\g;w- (131)

By solving the last equation with respect to F)‘W, we obtain the relation
between the connection, the metric and the torsion

2
M =0} - géng. (1.32)
Substituting (1.32) in (1.28), we find
G, =0. (1.33)

Summarizing, the following results were obtained by using the consistent
Palatini principle:

— For the metric, the field equations (1.33) coincide with Einstein’s equa-
tions of GR in vacuum.

— The torsion is expressed in terms of its trace @y (1.30) (i.e., the connection
(1.32) is semi-symmetric [24]) and remains arbitrary since the contraction
of the equation (1.30) yields an identity.

LIf the Lagrangian is supplemented by the term )\’\””QM“, containing the Lagrange mul-
tipliers A, the result is not changed, since A**¥ = 0 due to the field equation.
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— The covariant derivative of the metric (the nonmetricity) does not vanish
(1.31) (the semi-metric parallel transport [24]).

However, the results obtained are not satisfactory since the torsion trace @y
is not fixed, therefore, all the main geometrical characteristics of the manifold
are not determined. To find the way out of this situation, it is necessary to
consider the variation principle with a different Lagrangian (see Chapter 5).

If we consider the theory with a Hilbert-Einstein Lagrangian, but require
the preservation of vector lengths under the parallel transport, we obtain the
Einstein-Cartan theory of gravity. The constraints (1.8) can be resolved from
the very beginning and taken into account in action [7] or, without resolving
them explicitly, they can be added to the Lagrangian with the undetermined
Lagrange multipliers, and then the problem of derivation of the field equations
becomes a variational problem on the constrained extremum of action [15, 16].
We consider the second procedure, including now into the dynamical scheme,
along with the gravity, the matter fields interacting with the gravitational field.
The gravitational interaction is introduced into the matter Lagrangian £,, on
the basis of the minimal coupling principle by replacing the Minkowski metric
Ny With the metric of the curved space g, (z%), and of the partial derivatives
— with the covariant derivatives of the connection T'* -

The total action reads

1 1 1
= [ d* — R(D) + =L (®*,V, 84, g,) + —AM'V g,
Seor = [[atayi { G R+ 1L 9,00 50) + 5 A Vg |

(1.34)
where ®#4 are the matter field variables (A is the generalized index), A" are
the Lagrange multipliers. The matter Lagrangian depends on the connection
I'“g,, via the covariant derivatives only

V04 = 0,04 —1%4,0,°45 05, (1.35)

Here Q,%4 5 are the generators of the general coordinate transformations:

ot — gt 4 (), B — BN — (9567)Q. A 50T

By varying (1.34) with respect to g, I' W, AMY and &4 we obtain the
following field equations:

0SecT 1

5g,ul/ = 26 { G(#V ( ) (v)\ - 2Q/\)A)\uu - Tpu} =0, (136)

0Spcr 1 1. v v v

0SEcT 1

5A)\/Lu = 2 v)‘g#l’ = 07 (138)

0Sger 1 (0L 0L,

504 T ¢ {aq>A —(Va=200) 5g ¢A} 0 (1.39)
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where (1.36) and (1.37) are given in the final form after taking into account the
metricity constraint (1.38). Here, in a usual way we defined

TH .— ia (\/g‘am)
V9 G

the metrical energy-momentum tensor of matter, and we denoted

0Ly,
N = —=m
“ ore,,
Making use of the eq. (1.35), we find
L, OV,O4 0Ly, A B
N = =— Q" pd”. 1.4
T OVADA T, oV, oA P (1.40)

Solution of (1.38) with respect to I'*,,,, yields the Riemann-Cartan connection
(1.12). Lowering the index p in (1.37), we obtain the equation

1 1% 1% 174 174
_E(Q a3+2§[an])+Na5 — A Ba = 0.

Let us decompose it into the symmetric and antisymmetric parts. From the
symmetric one, we find the Lagrange multipliers explicitly

Aap = Nap)”,
so that (1.36) is recast into
Gy (T) = 6 {Tow = (Va = 2Q2) N} - (1.41)
The remaining antisymmetric part of (1.37) reads as follows:

ang + 25{;@6] = HCSVag, (1.42)
where
0L,

oV, o4
coincides with the canonical tensor of the spin density arising from the Noether
theorem.

For the matter whose Lagrangian does not depend on the connection (for the
scalar fields, for example), or for the vacuum gravitational field, the equations
(1.42) yield @*,,, = 0 and then (1.41) reduce to the usual Einstein’s equations.

Otherwise, the torsion is non-zero and (1.41) differ from the GR equations.
One can show that the term (V. — 2Q») N(,,)* leads to the fact that the sources
of the gravitational field are the canonical tensor of spin S* uv, and the sym-
metrical part of the canonical tensor of the energy-momentum of matter

aLm
oV, 4

¢S”ap = Niag)” = Qo 527

th, = 0" L — v, 4.
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Indeed, let us consider an infinitesimal transformation of local coordinates
oh — TH = M + P57, where ¢#(2?) is an arbitrary smooth vector field,
and 47 is an infinitesimal parameter. The Lie derivative of the Lagrangian
density \/§£m((I>A, VM@A, guv) along the vector field £#, which induces these
transformations, is computed as follows:

A(VgLm) (VL) (VL)
Le (V9Lm) = %L@A + a\quwLﬁvﬂq)A + g;Wngw- (1.43)

Using the definition of Lie derivative (which is introduced on the spacetime
manifold even in the absence of the metrics and connection [3]), it is straight-
forward to see that in the Riemann-Cartan space

Le®? = 2V, 04 + (570, A 507, (1.43a)
LeV, 04 = A V\V, 04 + (20, 45 V,08 +(,/V, 04, (1.43b)
Leguw = 2 (s (1.43c)

where ¢, = V£ + 2Q”#>\§’\.
On the other hand, since (\/§£m) is a scalar density of the weight +1, we
have

Le (VGLm) = VA (VILm) + " (VILm) - (1.43d)
Substituting (1.43a)-(1.43c) into (1.43) and comparing with (1.43d), we find

—th, + T, — (Va —2Q2) N,M + céggiT QA pd8 =0, (1.44)
o 0SEcT
(V) =2Qu) "y 4+ 2Q1 it s + eS* o R 1y (1) = e~ 22500, 04, (1.45)

By virtue of the field equations (1.39), we get from (1.44)

tw) = T — (Va —2Q5) Ny, (1.46)
t[p,u] = C(V/\ - 2@)\) SA}LV' (147)

Thus we see that eq. (1.46) establishes the relation between the symmetrical
part of the canonical and the metrical tensors of energy-momentum of matter.
Making use of this relation in (1.41), we find the complete system of the field
equations of the Einstein-Cartan theory:

G (D) = Kty, (1.48)
Qv +0)Qu — 6, Qu = K S . (1.49)

It is worthwhile to note that to determine the dynamics of the metric it is
sufficient to solve only the symmetric part of (1.48) which is equivalent to
(1.41). The skew-symmetric part of (1.48) is redundant and is automatically
satisfied in view of (1.49) and the contracted Ricci identity.



16 LAGRANGIAN DESCRIPTION OF GRAVITY

Summarizing, within the framework of the Einstein-Cartan theory, the mat-
ter source of gravitational field (g,I") is described by the canonical energy-
momentum tensor t* n and the spin density tensor S_’)uj. The invariance of the
theory with respect to the general coordinate transformations and the local
Lorentz group leads to the conservation law of energy-momentum (1.45) and of
the total angular momentum (1.47).

The important feature of the Einstein-Cartan theory (ECT) is the algebraic
nature of the equation (1.49), which will be called a Palatini equation (some-
times it is also called a Cartan equation). As a consequence of such an algebraic
coupling, the torsion disappears in the absence of a spinning matter, which con-
firms Cartan’s prediction [19]. Furthermore, the entire Einstein-Cartan theory
can be written in terms of the Riemann-Einstein objects. Indeed, using the
expression for the connection (1.12), we can explicitly separate the Riemann-
Einstein part in the action

1 1
Spcr = Q—M/d‘*x\/gR () =5— /d%ﬁ (R+2T%,,T""5)  (1.50)

plus the surface integral.
Next, we solve eq. (1.49) expressing the torsion in terms of the spin

1 1
A A A A
Q0 = ke (5 o+ 5035, - 25,,S,L> :
with S, = S*,. Inserting this into (1.50), we obtain the action

1 1
Spor = /d4x\/§ <2CR+ Cciff) : (1.51)

K

where the effective matter Lagrangian reads
1
Efrif =L, — Kc? |:SMSH + 55!“’)\ (Sy)\p + S)\;W + Sﬂ)\l/):| :

The field equations (1.48) and (1.49) are then recast into
G = kT (1.52)

pv o

where the effective metrical tensor of the energy-momentum of matter
v _ 2 S(/IL)
oft NG 89w
satisfies the covariant conservation law, Ty, = 0, of GR [188].

Thus, the spin-torsion interaction in the Einstein-Cartan theory predicts the
appearance of the (effective) matter Lagrangian of the terms describing the
contact spin-spin interaction, which is xc? times smaller than the interaction
between the energy-momentum and the metric in GR. The change of the matter
current T}, — lef,f affects the spacetime metric via the effective Einstein equa-
tion (1.52). In those areas, where the spinning matter is absent, the influence
of the spin-spin interaction manifests itself through the matching conditions for
the spin discontinuity at the boundary [21].
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Canonical formalism of gravity theories

2.1. Systems with singular Lagrangians

The gravitational field theory is invariant with respect to the group of general
coordinate transformations, as a result, the dynamics of this field is essentially
hidden due to the arbitrary choice of a coordinate system. The dynamical con-
tents of any theory as such (i.e., the calculation of the number of independent
degrees of freedom, their explicit selection from the full set of the field vari-
ables, the construction of such dynamical characteristics as the energy, etc.)
can be revealed by the methods of the canonical formalism. The solution of the
problems listed above is necessary for the canonical quantization of the theory,
which leads to the unitary S-matrix.

Therefore, here and in the next chapter, we will study the specific features
of the Hamiltonian gravitational dynamics. We begin with considering of the
dynamical consequences of the invariance of the theory with respect to the local

group.

Degeneracy of the dynamical system as a result of invariance with
respect to the local group

Let us find out what are the dynamical consequences of the invariance of an
action of the field system @4 (z) (A=1,...,k)

S[P] = /d% L[d*(x),0,5(2)], (2.1)
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with respect to transformations of the field variables and of the spacetime co-
ordinates, constituting the local group:

P4 () — ' (2)), o — 2" (2).
If
A oA (z) = ¢4 (x) — D4 (x), (2.2)
Azt (z) = o' — 2t (2.3)

are the infinitesimal transformations of this m-parameter local group with the
local infinitesimal parameters f“(x) (o = 1,...,m), then the condition of the
invariance of the action (2.1) reads

oL oL
4 _ fHA
/dx{<a¢A 8H88M¢A>A ¢

oL
fobt fpA )\
+0, (EA x +88M¢AA ¢ )} 0. (2.4)

Let us consider such transformation parameters that the variations (2.2) and
(2.3) vanish outside some four-dimensional spacetime area (2, as well at its
boundary. After the integration in (2.4), we then obtain

/d%(aﬁ _g, 0k )AfgpA:o. (2.5)
Q

oA~ 90,04

It is convenient to introduce the new condensed notation of the field variables
&4 (x) = Q'(t), where the dependence on time t is explicitly distinguished, and
the generalized index i = (A, x) labels both the discrete internal components
and the spatial coordinates. The summation over ¢ thus will also imply an
integration over x = {xl, x2, x3}.

We assume that the group transformations are arbitrarily complicated local
functions of the fields, of the group parameters f, and of their spacetime
derivatives up to the N-th order. The parameters of the group f¢ will also be
labeled by the condensed indices «, including the spatial coordinates.

Then we can recast (2.2) into

N
AQ) =S, =2 (2.6)
n=0

where (Z)fl are local in time functions of the fields (n denotes the order of time
derivative in the transformation), and summation over « in field systems also
implies integration over x.

Substituting (2.6) into (2.5) and integrating by parts, we obtain

faroyrar (o ~¥agi) ¥ =

n=0
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where Q' = 0Q"/9t, and L = [d®z L is system’s Lagrange function. Due to
arbitrariness of f(t), this yields the following identity:

ZN:(_D” » { (633@) o ag}(t)) (3)3} =0 27)

n=0

We will consider the second-order theories, then the following relation is fulfilled

0L OL L .y b Ak
o = T2 Ok F(QF,0F), 2.8
50 5 = sared (@"a") (2.8)

where the functions F(Q¥, Qk) do not depend on the second derivatives Q*(t).
Using (2.8) in (2.7), we obtain the identity that is valid for any Q(¢):

vy,  0°L
v

9Q 0Q
where the functions W, do not depend on the higher derivatives 9y +2Q'(¢).
Due to arbitrariness of Q'(t), both terms in (2.9) are identically zero, since

the derivatives of the (N + 2)-th order do not depend on the lower derivatives.
)i _o?L

80N+2Qk + WOé (Qa aOQa sy 80N+1Q) = 07 (29)

= 0 and the matrix of the second derivatives of the

(N
Therefore, a

e 9Q 90"
Lagrangian with respect to the velocities is degenerate:
L oL
det——5 =0, rank (M) =k—m. (2.10)
0Q 0Q 0Q 0Q

The Lagrangians with the property (2.10) are called singular, and the related
systems are called degenerate. The equations of motion for such systems

0’L
0QIOQk
cannot be solved with respect to the higher derivatives, and m linear combina-

tions of these equations, containing only the coordinates Q' and their velocities
Q", vanish on the extremals of the degenerate action (2.1):

QF - Fi (@,0) =0 (2.11)

@i 7, (@.Q) =0 (2.12)

The latter means that the initial data for the coordinates and the velocities
cannot be fixed independently.

Before we consider the Cauchy problem and analyse how to solve the equa-
tion (2.11) of an arbitrary degenerate system, it is instructive to illustrate our
derivations by the two examples of systems with the singular Lagrangians: the
relativistic particle, and Maxwell’s electrodynamics.
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The action S = m [ dt\/—i+&, of a relativistic particle {Q" () = x#(t)} of
the mass m is invariant with respect to the transformations

(0)

At=ft), Azt =Qrr, Qe ),

and its Lagrangian L = m,/—i# &, satisfies the relation i* 9°L/di+0i" = 0.
Interesting property of the relativistic particle action is the vanishing of its
Hamiltonian, H = &* (0L/0i*) — L = 0.

The electromagnetic field action with (Q* = A, (t,x)), S = —1 [ d*aF,, F",
F,, = 0,A, — 0,A,, is invariant with respect to the Abelian one-parameter
group AT A, = 9, f(z), so that

@ (x, %) = 005(x — '), (2.13)

and the degeneracy condition (2.10) of the system reads

2 2
/dSX’ (clz)ﬂ(x,x’) . oL . = — 0 L. =0
aA#(X/)aAV(y) aAO(X)aAV(y)

Canonical formalism for systems with singular Lagrangians

Thus far, it is shown that the invariance of a dynamical system with respect to a
local group leads to its degeneracy. The dynamics of the system and its Cauchy
problem are usually studied within the framework of the canonical formalism,
so let us consider the specific features of the canonical formalism for systems
with singular Lagrangians.

Define the momenta conjugated to the canonical coordinates Q:

0L
Q"
Since the matrix of the second derivative of the Lagrangian with respect to
the velocities is degenerate (2.10), the equations (2.14) cannot be solved with
respect to the velocities in terms of the momenta. Technically, this means that
not all k¥ momenta P; can be taken as independent arguments. Looking at

the rank of the matrix 92L/ dQ'0QF, we conclude that there are m identities
connecting momenta and coordinates,

ou(Q,P) =0. (2.15)

These identities are called the primary constraints [40]. Now let us consider the
function of the three sets of arguments Q*, Q" and P;:

Hy=P; Q' —L(Q', Q). (2.16)

Let us calculate the variation of this quantity with all the arguments treated
as independent ones, and then put it in the space of the variables (Q, @, P) on

Pi (2.14)
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the surface defined by the equation (2.14):

., 0L
= 0P, Q' —

0H y
Olp, = aL/80" Q!

5Q".

It is obvious that even in spite of the absence of the functional independence
of the arguments @) and P, one can express the quantity (2.16) as a function
of coordinates and momenta only, which on the surface (2.14) does not depend
on the velocities Q':

Ho (Q,P) = {7% Q' - L(QQ)}‘ . (2.17)

P; = OL/0Q°

We now develop the first-order variational formalism with the Hamiltonian
(2.17). For non-degenerate theories with the independent coordinates and mo-
menta, this formalism is based on the variation with respect to Q and P of the
action

S[Q,P] = /dt {Pi Q" _HO(va)}'

In the theories with singular Lagrangians, it is necessary to study a conditional
extremum of the same functional subject to the conditions defined by the con-
straints (2.15). This is achieved by the inclusion of the constraints with the
Lagrange multipliers M\* into the action functional,

sIQPA = [at{P¢ - H(QP) - M. @P)}. (218)
The equations, obtained by the variation of this action, read as follows:

Py = {Pi, Ho} + M {Pi, 0.},
Q' ={Q" Ho} + X {Q, .}, (2.19)
SDM = 07

where { , } is the Poisson bracket determined by the phase variables (Q, P).

However, it is unclear that the total Hamiltonian in the action (2.18) is writ-
ten correctly, i.e., that all the occurring constraints are taken into account. In-
deed, the condition of consistency of the constraints (2.15) with the equations
of motion (2.19) means that

Yu="0, {pu Ho} + A" {pu, pa} = 0. (2.20)

Demanding that this equation is satisfied, we have one the following options:

1. det {ou,¢a} # 0. Then the equations (2.20) explicitly determine the
Lagrange multipliers, and substituting the latter into (2.19) we get the system
of equations that have a unique solution. The time dependence of the field
variables Q%(t) is then uniquely defined.
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2. Among the set (2.15), there are such constraints ¢ (¢ = 1,...,7 < m)
that {¢g, o} = Ch, oy, where Cl, are some functions of the phase coordinates.
Then det {¢,, ¢a},_o =0 and the equations (2.20) yield new r equations

Xq = Oa Xq (Q7P) = {WQ7HO}7

which are called the secondary constraints. Since the phase coordinates must
satisfy these new relations, it is necessary to add them to the action with the
new Lagrange multipliers. Repeating the process, we again obtain one of the
two aforementioned options. Such a sequence of steps can be completed only
as follows. We denote the complete set of N constraints obtained during this
process by

Vg =0, Up = (Hy, Z4), (2.21)

where R constraints H, satisfy the relations

{Hy,Wp}=C2, 05, a=1,...,R, (2.22)

and the remaining constraints = 4 are numbered by the index A = R+1,..., N.
Then

{HQVHO} = CSWQS, (223)

otherwise the consistency conditions of the form (2.20) would yield new con-
straints, and the procedure would not be completed.

The constraints that satisfy (2.21)-(2.23) are called the constraints of the
first kind. They commute in the sense of the Poisson brackets on the surface of
constraints in the phase space with each other and with the Hamiltonian Hy.
One can show that the remaining constraints =4 satisfy

det {24,551} # 0. (2.24)

These are the constraints of the second kind.
The total canonical action takes the following form:

S[Q, P\ = /dt {PiQ'i — Hy— \°H, — AAEA} . (2.25)

The condition (2.24) provides the uniqueness of the solution for A* (in terms
of the remaining variables @, P, %), while the Lagrange multipliers A* corre-
sponding to the constraints of the first kind H, remain completely arbitrary.
This manifests the ambiguity in the solving of the equations of motion of a
degenerate system. The origin of this ambiguity lies in the invariance of the
theory with respect to the action of the local group, which leads to system’s
degeneracy. Later we will demonstrate that variations of the undetermined La-
grange multipliers \* correspond to the local group transformations, and that
the constraints H, are the generators of these transformations in the phase
space.
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We have described the general algorithm of construction of a complete sys-
tem of constraints for the case of an arbitrary degenerate theory. Let us now
specialize to the theories without constraints of the second kind, and give the
form of canonical action (2.25) for this important particular case. We assume
that by an appropriate choice of the field variables, we can recast the primary
couplings (2.15) into a simple form

op="Pu,  Pu=0. (2.26)

This means that the velocities Q* do not appear in the Lagrangian at all.
Let us then exclude (Q*,P,) from the complete set (Q,P) = (Q", Pu;q*,pi),
i =1,...,n. Since the Lagrangian does not depend on Q*, the variables Q*
play the role of the Lagrange multipliers, @Q* = A, and the canonical action is
written as!

Slg.p.A]= /dt {pid" — Ho(q,p) — N*H,(q,p)} , (2:27)

where for definiteness we introduced the time parameters ¢y and ¢; which de-
termine the initial and the final Cauchy hypersurfaces.

The conservation of the initial constraints (2.26) is a condition of stationarity
of the action (2.26) with respect to the variation of A\*, or

H, (g, p) =0. (2.28)

Let us consider degenerate systems with the canonical action of the form (2.27),
where H,(q,p) are the constraints of the first kind, that satisfy the so-called
involution relations:

{H,,H,}=U; H,, {H,,Ho} =V/H,. (2.29)

Here Ujj, and V are some quantities depending generally on the phase vari-
ables, and the Poisson brackets are taken in terms of the phase variables of the
reduced phase space (g, p).

The equations of motion, obtained from the action (2.27) for the phase vari-

ables @(q, p), read as follows:
& ={&,Hy} + N {0, H,}. (2.28a)

Varying the Lagrange multipliers arbitrarily, one can obtain different solutions
&(t) even for the same initial conditions. This ambiguity corresponds to an

IThe linear dependence of the complete Hamiltonian H = Hg + AT on ) is explained by
the relation rank 92 H/(OA*OAY) = 0, the violation of which would mean that it is possible
to exclude part of M in terms of the other variables, in contradiction with the number m of
the constraints.



24 CANONICAL FORMALISM OF GRAVITY

uncertainty with which one can fix the state of a physical system, which is
invariant with respect to the action of a local group. If Q(t) = (M(t),¢'(t)) is a
solution of the equations of motion of such system, then in view of (2.2), (2.3)
and (2.6), the following functions will satisfy the same equations

NHE@E) = M) + ATMR(2),
q"(t) = ¢'(t) + AT (t), (2:29)

where the infinitesimal transformations of the group are defined by the formulas
(2.6) with some parameters f®. Thus, the physical state in the phase space
and in the A-multipliers’ space at a moment t is determined up to a group
transformation (2.29). The functions Q(t), as such, do not have a direct physical
meaning. Only the equivalence classes of the field configurations connected by
group transformations (2.2)-(2.3) or the group invariants have physical meaning.

One can verify that the canonical action (2.27) is invariant with respect to
transformations of the phase coordinates and A-multipliers of the following form:

§7q' = {q", H,} F*, (2.30)
6T pi = {pi, H,} F*, (2.30a)
§TN = Fr — UM XFP — VI F?, (2.31)

with some infinitesimal parameters F*. It turns out that there is a one-to-one
correspondence between the parameters F* and f<, so that the transformations
(2.30), (2.31) are the realizations of the group transformations (2.29) in the
configuration space, under the condition that the transformations (2.30) and
(2.31) are calculated on the extremal values of the momenta p? = p;(q,q, \).
The extremal values of the momenta are obtained as a result of solving the
equations

-7

OH 0H
i = A

~ Op; Op;

with respect to p; in terms of variables (g, ¢, A). Therefore, the constraints of the
first kind H,(¢,p) are generators of the phase transformations corresponding
to the local group transformations.

Since the dynamics of the physical state is determined not by a particular
set of the functions (g,p), but by the entire equivalence class of the phase
coordinates connected by the transformations (2.30) and (2.30a), we choose the
evolution of one representative from this class to describe the dynamics. This
is done by means of imposing the additional conditions

x*(¢,p) =0, (2.32)

which break the invariance with respect to the transformations (2.30), (2.30a).
Obviously, the number of gauge conditions should be equal to the number of
constraints of the first kind or the number of parameters m of the local group,
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and the requirement that no nonzero F? would leave the gauge conditions
(2.32) invariant, 67 x* = {x, Hg}}'ﬁ = 0, with respect to the transformations
(2.30)-(2.30a), implies the invertibility of the following Faddeev-Popov matrix:

detJg #0, Jg ={x" Hp}. (2.33)

Following the choice of a gauge, the system becomes non-degenerate and is
described by the action

S [(va g] = /dt (pqu - HO - §a¢a)7 (233&)

where the complete set of constraints and the corresponding Lagrange multi-
pliers are defined as

¢a = (Haaxﬁ) ’ ga = (/\aaﬂ-ﬁ)-

The system of constraints 1 is of the second kind, because due to (2.33), the
matrix

Q" = {y* '}, det Q% = — (det {x*, Hz})* (2.34)

is non-degenerate. The Lagrange multipliers can be found from the condition
of conservation of the constraints in time

d a 8 a
;i_ = g; + {qzbaaHO} + fb {1/)“71/)b} = 07
which yields
b -1 81/}17 -1
§a = {w aHO} Qpa + v Qpa s (2.35)

where Qb_a1 is the inverse matrix to (2.34). In general case, the additional condi-
tions (2.32) may explicitly depend on time. Hence, there is a 9¢*/d¢ contribu-
tion in (2.35). With an account of (2.35), the equations of motion for the phase
variables @ take on the form:

a -1 5¢b
P = {éaHO}D —{®,9 }Qab Bt (2.36)
where { , }, is the so-called Dirac bracket [40] defined as
{A, B}, ={A,B} — {A,¢*} Q) {v",B}. (2.37)

Since the evolution of the physical system is subject to the set of 2m con-
straints (2.28) and (2.32), the number of independent (physical) degrees of
freedom equals (2n—2m)/2 = n—m. These degrees of freedom ¢* = (q*A,p*A),
A =1,...,n—m parameterize the initial phase coordinates @ = (¢*, p;) on the
subspace of the full set of constraints

P=0(P%): ¢ =4q(¢",p"), pi=pilg"p*), TY(P(P*)) =0, (2.38)
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so that the following relation holds

/dt(piq'i — Ho(q,p))

- /dt (pj:lq*A - thyS(q*vp*))' (2.39)
S=&(P*)

This relation may be interpreted as a definition of the physical Hamiltonian
Hpnys(g*,p*) and of the canonical action in terms of (n —m) physical degrees
of freedom:

Sl p*] = / dt (0" — Hynya(a™, 7). (2.40)

The equations obtained by varying of this action are equivalent to (2.36), since
the action (2.40) is the same functional (2.33a), where the equations of the con-
straints are solved in terms of the smaller number of variables (¢*, p*). There-
fore, each gauge choice (2.32) corresponds to a set of (n —m) physical degrees
of freedom, represented by the canonical variables (¢*,p*). One can generate
a change of the gauge dx“(q,p) by transformations (2.30), (2.30a) with the
specially chosen parameters F* (see Chapter 7).

Let us illustrate the above theory on the examples of the relativistic particle
and the theory of electromagnetic field. The momenta of the relativistic particle

oL mg,,2”

P Dir = i

satisfy the constraint
H = g"pup, —m? =0, (2.41)

which due to the identical vanishing of Hamiltonian Hj is the constraint of the
first kind. Let us choose the following gauge:
x=2"—t=0. (2.42)

The condition (2.33) is fulfilled: {H, ¢} = 2p° # 0. Using these quantities in
(2.34) and (2.36), we obtain the equations of a straight-line motion of the free
relativistic particle

.

)

p .
x:F, p; = 0.

Taking into account the vanishing of the Hamiltonian Hy, the action (2.33a)
for the relativistic particle can be written in the form

Sz, pu, A, | = /dt {pui* — NT —mx}.

Choosing the spatial coordinates ' = ¢* and the momenta p; = p* as the
physical degrees of freedom, and taking (2.42) into account, we arrive at the

canonical action
Sz, p] = /dt (plxl — /m? +p2)
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with the Hamiltonian Hpnys = /m? + p? obtained as a result of solving the
constraint (2.41) with respect to the momentum py = — Hphys.
For the electromagnetic field, the action (2.33a) can be written as

, . 1 . 1 . ,
S [Aip', Ao] = /dtd?’x {PzAi - (2]91‘10Z + 4FmFZk> - (—Ao)aipz} ;

where the momentum p° conjugated to the vector potential A; is equal to
P’ = A — 8 Ao,

and Fj = 0;Ar — OxA;. The role of the phase variables is played by the set
(A;,p%), and the zeroth component of the vector potential — Ay = ) is an unde-
termined Lagrange multiplier for the first-kind constraint H = 8;p’ commuting
in the sense of the Poisson brackets with the Hamiltonian

1, 1 ,
l%”/fx(#mf+4FﬁFm). (2.43)

In accordance with the general procedure, we impose the Coulomb gauge
x=0, x=0A% (2.44)

The equation for the Lagrange multiplier Ag (2.35) reduces to AAy = 0 with
A = 9;0%, hence we find Ay = 0 for the zero boundary conditions, and the
equations of motion take the following form: A; = p* and p* = —AA;, equiva-
lent to Maxwell’s equations in the gauge (2.44). The dynamically independent
components of the vector potential ¢*4 (A = 1,2) are obtained by decomposing
A;(x,t) into the two transversal polarizations A; Y (x,t) of the electromagnetic
field satisfying (2.44).

The Hamilton-Jacobi theory of degenerate systems

Let us consider some solution @y(t) (obtained in an arbitrary gauge) of the
equations of motion (2.28a) and insert it into the action (2.27). The action
(2.27) calculated on its own extremal @(t) becomes the function of initial and
final values of the phase coordinates qo = q(tp) and ¢1 = q(t1):

S[@, A = S(q1,t1]q0, to)- (2.45)
D = Po(t)

By denoting the current value of time ¢; = ¢ and the phase coordinates ¢; = ¢,
we treat the extremal action (2.45) as a function of these variables, S(¢;q).
Using the variation procedure, one can show that this function is a potential of
the field of the phase momenta p = p(t1):

;08
p' = 90 (2.43a)
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Since the extremal momenta and the coordinates at any time satisfy the
constraints (2.28), the m constraint equations are fulfilled for the function of

the action S(t;q):
a8
H — ) =0. 2.44
i (q, 8(]) 0 (2.44)

Similarly, from the variational procedure it follows that S(t;q) satisfies the
Hamilton-Jacobi equation with the complete Hamiltonian H = Hqy + A H,,.
However, in view of (2.44) this equation reduces to

as as
5 T Ho (q, aq> =0. (2.45)

The equations (2.44) and (2.45) are the basic equations of the Hamilton-
Jacobi theory of the systems with constraints. A solution of this system of equa-
tions, i.e., its complete integral, contains n—m parameters o (A =1,...,n—m)
[a solution of the equation (2.45) depends on n nontrivial integration constants,
and the remaining m equations (2.44) impose m relations on them|. Thus, the
function S depends on (n —m) additional parameters, the number of which is
equal to the number of dynamically independent degrees of freedom ¢*:

S =S5(t;q, ). (2.46)

Such a number of parameters labeling the solutions of the system of equations
(2.44), (2.45) does not contradict to the fact that the function S in (2.45)
depends on the additional (n 4 1) quantities (qo;to), since the function (2.45)
satisfies the same (m+1) equations (2.44), (2.45) with respect to the arguments
(go;to) and the actual number of independent parameters reduces to (n 4 1) —
(m+1)=n—m.

We will show that the solution of the equations of our system with constraints
for some set of gauges x*(q,p) can be found from the known action function
S(t; ¢, @) by solving the following system of equations:

a8
Dar = Pa, (2.47)
as
H —_— =
X (q, 6q> 0, (2.48)

where 34 are some m arbitrary parameters.

Let us start with demonstrating that if the gauge x* satisfies (2.33), the
system of equations (2.47), (2.48) admits the unique solution ¢* = ¢‘(t; a, B).
Indeed, the solvability condition of this system means the absence of zero eigen-
vectors of the matrix By;, k = (A, p),

0%S ox*  OxH 9%S
Ai = S aa wi = 3t 5% Eai
daAdqt dqt  OpF |, = gs dqkoqt

BDq
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Since the equations (2.44) are fulfilled identically for any o and ¢ if S is the
solution (2.46), then by differentiating (2.44) with respect to a? and ¢', we
obtain

0H, 9%S
. = 2.4
Op; p= ‘%‘g aqlaaA 0 ( 9)
H, 2 H,
Ol (15' _ O, (2.50)
Opk |p= 95 0q*k0q* aq' |, = gs

Hence, 0H,,/0p;|, — 5s/04 are the m zero vectors of the matrix 9%5/9q'da?,
and consequently their linear combination with non-zero coefficients v* is the
zero vector of By;. However, in view of (2.50), we have

+OH,
Opi

N Bui = ,ya {Xu7Ha}

_ 88
P =354

)
— 95
P = 3q

whence it follows that the matrix By; is non-degenerate because of (2.33).
Now we show that the solution of the system of equations (2.47), (2.48)
satisfies (2.28a) with the Lagrange multipliers (2.35).
By differentiating (2.47) with respect to time, we find

0 95, S .
daA ot " agoarl TV

On the other hand, differentiation with respect to a* of the Hamilton-Jacobi
equation (2.45) gives

%S
_ 0s Oqida?’

=83
%8 . O0Hp

ogoar \T 7D -0

q o Di p= %

Consequently, the expression in the parentheses is the linear combination of the
zero vectors of the matrix (8°S/dq'da?) with arbitrary coefficients A

. 0Hy 0H
i_ P I
1 ( Op; * Opi )

9 9S8 0H,
8OLA ot N Bpi

which yields

(2.51)

p=23 .
In a similar way, the equation for p; is obtained by differentiating of (2.45) with
respect to time:

. 0%S ., . 0 s

Pi=ago® T og ot
from which, using (2.45), (2.50) and (2.51), we obtain

0H, . ,0H,

bi =— g g
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Thus, by requiring the preservation of the gauges (2.48) in time, one can derive
the expression (2.35) for the Lagrange multipliers.

Thus far, a solution of the system of equations (2.48), (2.47), where S satisfies
the Hamilton-Jacobi equations (2.44), (2.45), fully solves the Cauchy problem
in the gauge (2.32). In addition, it is obvious that the 2m variables (a?, 84)
are in one-to-one correspondence with the initial values of the dynamically
independent phase variables (¢*, p*).

2.2.  Peculiarities of the canonical formalism
in curved spacetime

To construct the canonical formalism of a dynamical system, one needs to ex-
plicitly single out a coordinate which plays the role of time.

It is easy to choose the time in relativistically invariant theories in the flat
spacetime. Identifying time with the coordinate z° of any Lorentz coordinate
system, so that the tangent vector to the xz%-axis is the Killing vector of the flat
spacetime, one can construct the canonical formalism of the theory.

In the curved spacetime, the situation is much more complicated. In general,
there are no time-like Killing vectors, along which the spacetime properties are
homogeneous. Hence, in each coordinate system, it is impossible to select a
unique time. In addition, the physical theory is invariant with respect to the
group of general coordinate transformations (2.2), (2.3)

Ao (z) = Lo (2),  Alab(x) = f*, (2.52)

where L;®*(z) is the Lie derivative (1.43a) of the tensor field #*(z), containing
the term f*9,04(x):

Ly®(z) = f10,9 (x) + (0uf" )0 5 9P (2). (2.53)

Thus, under any transformation of the form (2.52), the question arises, how
to define the time in new coordinate systems when it was already introduced
somehow in one of them. In view of the locality of the group (2.52), the time
should be defined locally, i.e., its definition may be changed in the local vicinity
of a point without changing it in the rest of the spacetime.

Therefore, we obtain a coordinate-free definition of time as a system of the
space-like hypersurfaces of the constant parameter

t=71(x), (2.54)

where 7(x) is a scalar function of coordinates.
If we also want to define a three-dimensional coordinate chart on each hyper-
surface, this can be done with the help of the four functions

x* = e*(x,t) (2.55)
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of the three-dimensional coordinates x = {z®} and the time ¢, so that their
substitution in (2.54) yields an identity. Since the canonical formalism on the
curved spacetime essentially relies on its (3 + 1)-decomposition (2.55), we will
study its geometrical properties now.

2.3.  Geometry of (3 4 1)-decomposition of spacetime

The parameters z® represent the coordinate system on the hypersurface (2.55).
Let us define the normal basis on the hypersurface by the triad of the tangent
vectors e5 and the normal n,, such that

ey = 0.e™(x,1), nees = 0. (2.56)

The normal vector n, determines the type of a surface:

nen® = o, o=+l (2.57)
The value 0 = —1 for space-like and o = +1 for time-like surfaces.
It is natural to define the three-dimensional metric of the hypersurface

gab(X) = gap (e(x,1)) eley.

Then any 4-vector A% can be decomposed with respect to the normal basis:
AT =n%A el A,
AL = ong A%, A= el N9, (2.58)

where
eo = gaggabeg.
The following identities can be immediately derived:
enepy =0y, eq€h =05 —onng.

The three-dimensional Riemannian connection on the hypersurface can be
introduced via the three-dimensional covariant derivative of a 3-vector \*:

A = ()\ceg);ﬁegebﬂ’
which yields the three-dimensional connection
Ybe = €g pea- (2.59)

Here we use the following notation for the four-dimensional covariant derivatives
(more exactly, for their projections):

A% = ebﬁAa;ﬁv Aap = egeg)‘a;ﬁa
Mo = 0nPe g, Aot = on®eB g0, (2.60)

ALl = n“nBAa;g.
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We define the extrinsic curvature K, of the hypersurface as
Kab = —Ng;b- (261)

Due to the second equation (2.56), Kqp = €apla = Kpqo. Comparing (2.61) and
(2.59), we see that K, and v¢,; are the projections of the quantity €q.p On the
normal basis. In view of (2.58), this yields the Gauss-Weingarten formula

€y = 0Kap n™ +7%ap €c- (2.62)

Let us consider the following vector N and its projections on the normal
basis:
N — de®(x,t)
dat
We are interested in the deformation of the normal basis when it moves in the
four-dimensional spacetime along the vector (2.63). Taking into account that

N =on,N?, N® = el N“. (2.63)

W def(x,t) . Oe(x,t)
Oca =g =% ar

we obtain for the quantity Vyed = eq.sN # the following expression
Vned = (Ng + 0KapN?) n® + (N}, — NK’,)ej. (2.64)

In the derivation we used the decomposition (2.58) for the vector (2.63) and
the Gauss-Weingarten formula (2.62).

Taking into consideration (2.56) and (2.57), it is possible to obtain from (2.64)
the equation for normal vector deformation

Van® = — (0N, + KapNP)e. (2.65)

Using (2.64), we obtain the relation between the extrinsic curvature of the
hypersurface and the velocity of the change of the metric

9ab = VNgab = — 2NKap + 2N(q)p)- (2.66)

Let x*(x) be a vector field in the spacetime with a given hypersurface system
(2.55), the projections of which on the normal basis are x* and ¢, . Let us
analyze how the covariant derivatives of the vector p® are related to the three-
dimensional covariant derivatives of its projections. Calculating the covariant
derivative of the projection ¢ = on®p, along the normal vector component
(2.63) n? N, we have

011 ENTLBVgQOJ_,
NnPVgs(p1) = — Njop® + o911 N,

from which
Ngi, =001p1 + 0N (2.67)
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Doing the same with ¢® = e%¢®, we obtain
Ngg1 =061 04+ Koo N — 01 Njy. (2.68)

The meaning of the operation J is that it describes the increment caused by
the displacement which is purely orthogonal to the hypersurface and is equal
to n®N.

Now let us consider the displacements which are tangent to the hypersurface,
9|1 and 6}, From the point of view of the dependence of the projections of
the fixed vector x® on the normal basis on the embedding of the hypersurface
into the four-dimensional spacetime (2.55), ¢, and ¢, are functionals of e*(x).

Then
8)|pa = /d3y (N* (y)ep (y))w

is nothing but the Lie derivative of the vector field ¢,(x) along the vector
N%(x):

(2.69)

0| Pa (x) = LNpa(x). (2.70)

Indeed, the expression (2.69) corresponds to the variation of the form ¢, (x)
under the displacement of the three-dimensional coordinate chart x = {z®} on
the vector N = {N“}, from which (2.70) follows.
On the other hand, since ¢, (x) is a four-dimensional scalar, the following
equation is fulfilled
(SHQOCL = vNL)Da

N® = e2N®
and hence, taking the equation (2.64) into account, with N = 0, one can derive
8190 = Kap NP0 1 + N° 0 + ap NV
Comparing with the Lie derivative (2.70), Lny, = (pa‘bNb + aprll;, in view of
arbitrariness of the vector field N°(x), we find
Pap = Palp — Kapp. (2.71)

A similar analysis for ¢ gives
010 =@1p + Kpap?. (2.72)

The equations (2.67), (2.68), (2.71), and (2.72) are generalized to the projections
of the higher rank tensors in an obvious way, for example:

Pab;e = Pablc — Kac@lb - Kbc‘paJ_a
where
Pal = Un“effwﬁm Yy = 071&653%@

Using the formulas (2.67)-(2.72), one can establish relations between the var-
ious projections of the four-dimensional Riemann curvature tensor *R® puv and
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the components of the extrinsic curvature of the hypersurface. Projecting the
identity
2@a;[/¢u] = 4R)\a,u,l/ (2

on the normal basis with an account of the equations (2.67), (2.68), (2.71), and
(2.72), in view of the arbitrariness of the components ¢, and ¢, we obtain the
Gauss-Codazzi identities:

Riape = — 20K, ) Raved = *Raved — 20Kp1aKcjas (2.73)

where 3Rgpcq is the Riemann tensor of the extrinsic curvature of the three-
dimensional hypersurface. In a similar way:

N'Ry1p1 =61 Kap + NKoaKp? — 0N up. (2.74)

In order to rewrite the gravitational field Lagrangian in terms of the quantities
of the (3+1)-decomposition of the spacetime, we will use the following relations:

61_(91/2) = — Ng'/?’K, K =K%, g = det gap,
51 (Kg'?) = Vn(Kg'/?) — 6, (Kg'/?),
6)(Kg'?) = Ln(Kg'/?) = (Kg'*N)q.
With the help of the equations (2.73) and (2.74), we derive
Ng'/? 'R = Ng'/2 {*R — 6(KopK® — K?)} + 20V x (Kg'/?)
—2(cKg'/?N® + g'/2Nle) ... (2.75)

2.4. Canonical formalism for the fields
on the curved spacetime

Canonical formalism of the gravitational field

Let us clarify the physical meaning of the quantities of the (341)-decomposition.
The system of space-like hypersurfaces in the physical spacetime is characterized
by the value of the parameter o equal to —1. However, we will keep o arbitrary
in all formulas below in order to demonstrate the role of the spacetime signature.

The choice of a family of hypersurfaces (2.55) and of the normal vector (2.56)
must satisfy some requirements. It will be mathematically natural to demand
that the orientation of the normal basis

e?u) = (e9,€ey), el =n“, (2.76)
coincides with the orientation of the local frames of the four-dimensional coor-

dinate system. Since the metric in the normal basis has the form

o 3 o 0
Clu)9eBCv) = ’
0 Gab
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we find
g/ 2det e,y = 9"/,

where the upper sign (4) on the right-hand side is fixed by the aforementioned
choice of the orientation of the basis,

n® 65 €y € Nafuv = Nabes (2.77)

/

4 11/2 1/2
Eafur = | g‘ / NaBuv, €abe = 9 ' MNabe-

The parameter ¢ labels the sequence of the space-like sections of the four-
dimensional spacetime in the causal order of increasing of the physical time.
This means that the function N is positive:

[e%
Neon X N (2.78)
dt
This quantity is called a lapse function. The condition (2.78) fixes the direction
of the normal vector towards the increase of the time parameter ¢. In particu-
lar, this means that Ndt is the normal interval between the two neighbouring
hypersurfaces corresponding to the moments ¢ and ¢ + dt.

The shift functions N® characterize the displacement N%dt between the co-
ordinate lines £® on the same two neighbouring hypersurfaces, assuming that
the coordinate system on the hypersurface corresponding to t + dt, is normally
projected on the hypersurface corresponding to the moment ¢.

An important condition that the curve determined by the equation x* = const
is time-like leads to inequality

N? - N,N® >0 (2.79)

(it was taken into account that o = —1 in the physical spacetime). The inequal-
ity (2.79) actually means that the coordinate ¢ is time-like and there may be
observers at rest on the three-dimensional coordinate chart on the hypersurface.

Eq. (2.77) yields
g/ ?d e = dtd®z Ng*/?, (2.80)

and hence, in view of (2.75), we obtain

t1
/d4x|4g|1/2 ‘R= [ dtd®zNg'? {’R — 0(KsK® — K?)}

to

el t1
+2a/d3zgl/2K 72/ dtdo, (JKN‘Uer“). (2.81)

€o to

Here V is a four-dimensional spacetime domain bounded by the “cylindrical”
surface, the top and the bottom sides of which are the initial and the final hy-
persurfaces ey = e(to) and e; = e(t1), and the lateral surface OV is topologically
a direct product of the two-dimensional sphere de(t) of radius r and the time
axis in the interval tg <t < t1, OV = de(t) x [to, 1], see Fig. 2.1.



36 CANONICAL FORMALISM OF GRAVITY

de(t)

Figure 2.1: Four-dimensional spacetime domain V' bounded by “cylindrical”
surface OV = 9V JegJe1, OV = 9e(t) X [to, t1]-

The last term in (2.81) is a surface integral over the “cylindrical” spatial
asymptotics bounding the space-time “tube” in the interval tg < ¢ < ¢1, and
dog = ngdo is an element of two-dimensional surface de(t) with a unit normal
nq. When deriving the form of the second term in (2.81), we took into account
that

2 (Kg'1?).

Vi (Kg'?) = p

The action of the gravitational field [14] that leads as a result of the varia-
tional procedure to Einstein’s equations of the second order, reads as follows?:

S = /d4x\4g|1/2 ‘R - /dZU(ZR). (2.82)
\%4 ov

The surface integral over the boundary 0V is determined by the extrinsic cur-
vature K given by the formula (2.61), where n, is an outer normal to the
boundary and o defines the scalar square of the normal vector (2.57). Its role
is to compensate in the volume integral of action (2.82) the terms containing
the derivatives of the metric which are normal to the boundary. This allows
to correctly formulate the boundary value problem for Einstein’s equations as
conditions of the extremum of the action (2.82) (see Chapter 1).

2Hawking considered the gravitational field in the Euclidean spacetime where ¢ = +1. In
the physical spacetime, his formula is modified, taking into account the metric signature on
the boundary 0V
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Substituting (2.81) into (2.82), we obtain the action of the gravitational field
in terms of the (3 + 1)-decomposition:

S = idt {/df‘x (Ng*/?L) — Ho}, (2.83)

L =R - (KK - K?). (2.84)

Here the quantity Hy is determined by the surface integral of the extrinsic
curvature of the boundary K over this two-dimensional boundary of the three-
dimensional space,

Hy = 2j{d&gl/2 oK + Q%daa (N‘a + UKN“) : (2.85)

and the exact form of the measure do is obtained if we represent the surface
element d¥ of the “cylindrical” lateral boundary of four-dimensional volume as

dy. = dtds, (2.86)

where do is some element of the measure on de(t) which is in general different
from do.

Let us proceed to the construction of the canonical formalism of the theory
described by the action (2.82). Taking into account that according to (2.66)

1

K,y = —
T oN

(2N(afp) = Gab)s (2.87)
the action (2.82) is a functional of the set of ten variables (gqp, N, N) which
replaces the original set of ten metric components g,,,,. The action (2.82) does
not contain time derivatives of the lapse and shift functions, therefore, N and
N are the Lagrange multipliers from the point of view of the theory of systems
with singular Lagrangians. In order to verify this, we will bring the action (2.82)
to the form (2.27).

For this purpose, we introduce the canonical momenta 7% conjugated to the
J-metric components gqp:

O(Ng'/2L
v — INg L) agg b ) _ pgareiig,, (2.88)
a
, 1 : ,
Gabcd — § gl/2 (2gabgcd _ gacgbd _ gadgbc) i (289)
Here G4 is the so-called covariant DeWitt supermetric [53]. Its contravariant
components are given by the expression

1
Gabed = 5 91/2 (GacYvd + GadGve — Jabged) » (2.89a)
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GapeaGll = 55

The gravitational field Hamiltonian has the following form:
H= /dsx (ﬂ“b(x) Jap(X) — Ngl/Zﬂ). (2.90)

Since from (2.89) the extrinsic curvature can be expressed in terms of the

momenta
Kab - JGabcd ﬂ_cd’ (291)

the Hamiltonian (2.90) is recast into
H= /dx3 NW™H () + Hy, (2.92)

where we introduced the unified notation for the lapse and shift functions
NW = (N+,N*), Nt=N, (2.93)
and the quantities H,, = (H1,H,) are given by the following expressions:
Hi = —0Gapeqg ™ 74 — g'/2 3R, (2.94)
Ha = — 2gacm 4. (2.95)
Therefore, in terms of the canonical variables the action (2.82) reads

ty
SHE[gap, 77, NW] = /dt{/d%w“" Gab — Ho — /d?’xN(“)’H(#)}, (2.96)
to
which makes it obvious that the functions N(*) are the Lagrange multipliers.

The stationary condition of the action (2.96) with respect to variations of
N®) leads to the equations

H, =0, (2.97)
H, = 0, (2.98)

which are the constraints since they do not contain the time derivatives of the
phase variables.

By direct evaluation of the Poisson brackets, one can show that these con-
straints satisfy the involution relations (2.29):

{H(x),Hi (X))} = — 0 (H*(x)0a0(x,x") — H*(x")0,0(x, %)),
{Ha(x), HL(X)} = H1(x)0ad(x, %), (2.99)
{Ha(x), Hp(x)} = Hp(x)0,0(x,x") — Hao(x")Opd(x', x).

Accordingly, we found that (2.97), (2.98) are the first-kind constraints.
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The canonical equations for the phase variables of the gravitational field are
obtained by the variation of the action (2.96) with respect to g,, and 7. The
term Hy in the total Hamiltonian of the system (2.92) is a surface integral, which
does not explicitly contribute to the dynamical equations under the variation.
As a result, the equations of motion in terms of the Poisson brackets take the
following form:

Jab(x / a2 {gap(x), Hy (X))} N (x), (2.100)
Tap(X) = /de’ {7 (%), Hy (x))} N (x). (2.101)

Computing the Poisson bracket in (2.100), we obtain the equation (2.66), where
the extrinsic curvature Kgp is expressed in terms of the momenta 7% via (2.91).
Similarly, one can show that the equation (2.101) is equivalent to the following
set of Einstein’s equations projected on the normal basis: NGy, = 0.

The constraints (2.97), (2.98) are also the components of Einstein’s equations

H = 209G, (2.102)

Ha = 292G, (2.103)

Therefore, the system of equations (2.100), (2.101) is completely equivalent
to Einstein’s equations G, = 0.

One can read from (2.99) the structural functions of the involution relations
(2.29):

U, = 8(x,y)0.0(x,%),

ax,lx
U s = 0a0(x,X") 056 (y, x) — 06 (x, x)050(y, x'), (2.104)
s){,lx’ = Uaicybx = O’

U i = = (9™ ()00 (%, x')3(y, x) — g (x') 900 (x', x)8(y., X))

Since the phase variables in the interior points of the spacetime domain V'
commute in the sense of the Poisson brackets with the quantities on the bound-

ary dV, the structural functions V((V‘;) vanish.

Using the results obtained in (2.30), (2.31), one can see that the canonical
action (2.96) is invariant with respect to transformations:

0T met = / da’ {7 M (x)} FO (), (2.105)
07N = FL — N°Fyjo+ Njo F*, (2.107)

§FN® = F* — (F*yN* = N F*) + o(NFL* = N*Fp), (2.108)
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with the infinitesimal parameters F#) = (.7-1,.7:“) ,Ft = F,. Let us show
that the transformations (2.106)-(2.108), evaluated in the phase space for the
extremal values of the momenta (2.88) [i.e., for the momenta which are the
solution of the equations (2.100) in terms of gq, and §,p], are equivalent to the
transformation of the general coordinate group (2.52) with the parameters

flr=el FY, e\ FU=ntFi+ el T, (2.109)
supplemented by the slicing invariance condition (2.55)
Ale*(x,t) = 0. (2.110)
Indeed, in accordance with (2.52) and (2.110),
6% gar = ey A gap = 2 fup,

and hence using (2.71), (2.91) in combination with the fact that f, = F, and
fa = gapF?, we derive (2.106). Similarly, we have

07N = oA ngee. (2.111)

The variation of the normal vector, caused by the variation of the four-dimension-
al metric, is obtained as a result of the variation of the equations (2.56), (2.57):

1
Afn, =— 3 ana(nun,,Afg“”),

from which
Afng =onafi.. (2.112)

Substituting (2.112) into (2.111) and taking into account (2.67), we obtain
(2.107), since 6, F) = F| — F 1N In the same way, the last relation (2.108)
is derived.

Thus, we have demonstrated that the transformations (2.106)-(2.108) on the
surface of the extremal momenta realize the general coordinate group (2.51) in
the configuration space. Since this transformation of coordinates

% — % + f*(x) (2.113)

does not change, in view of (2.110), the form of the functions e®(x, t), they can
be treated as the simultaneous transformation of the coordinate system (2.113)
and the change of the hypersurface system

e (x, t) — e*(x,t) — f(x) ,

z = e(x,t)

so that the total change of the embedding functions e®(x, t) vanishes.
Consequently, the transformations (2.105)-(2.108) realize the group of the
hypersurface deformations with the parameters (— f%) = —e‘("#)}'(“). Eq. (2.109)



2.4. Canonical formalism for the fields on the curved spacetime 41

shows that H(x) = H_ (x) is the generator of the hypersurface deformations at
a point x in the direction which is normal to the hypersurface. This generator
is called a superhamiltonian. In a similar way, the constraints H,(x), which
are called supermomentum components, are the generators of the tangential
deformations or the transformations of the three-dimensional coordinate chart
on the hypersurface. Therefore, in particular,

/d?’f/ {9ab(x), He(x')} N(x') = Lngap(x).

The Lie derivative of the momentum field is also given by a similar expression.

Let us note that, in contrast to the general coordinate transformations that
constitute the group, the transformations realizing them in the phase space do
not constitute a group since the structural functions (2.104) are not constant
and depend on the phase space variables, i.e., these transformations constitute
the canonical “pseudogroup”. The difference of its structure from the group
structure is that the coefficients of the transition from the parameters f* to
F®) in (2.109) are not constant and depend on the metric. One can show that
the structural functions of the involution relations follow from the structural
constants of the general coordinate group, and vice versa, the involution rela-
tions (2.99) lead to the commutation of the general coordinate transformations
using the Lie brackets of the vector fields.

Geometrodynamics with the matter sources

The system of the gravitational and the matter fields is described by the total
action

S = SiE + Sm. (2.114)

As in Chapter 1, we assume that the interaction of the matter field ¥ with the
gravitation is minimal. Therefore, the action of an unspecified matter field ¥
has the following form:

Sy = /d4x|4g|1/2£m(w, v.,,). (2.115)

The construction of the canonical formalism for the system (2.114) starts
with recasting of the matter field action (2.115) into the (3 4+ 1)-decomposed
form. As before, we need to calculate the projections of the tensor field ¥ on
the normal basis. The complete set of these projections is denoted ¢: these will
be the phase coordinates in the theory. The momenta p conjugated to them are

determined in a standard way,
oL
p=Ng'/? g
@

where we took into account the rule (2.80) of transition to the new spacetime
coordinates. This procedure recasts the action (2.115) in terms of the canonical
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variables into a form which is similar to (2.83):

0
Sm e, pl = /dt/d?’:c {pgb—N(“)”H’(Z)}, (2.116)
where . .
Hsy = Hip (9515 Gabs Kab) (2.117)

are the superhamiltonian and the supermomenta of the matter field on the
curved spacetime, which are the functions of the phase variables of the three-

dimensional metric and extrinsic curvature Kg;. It is important that ’;E["; does
not depend on the lapse and shift functions, so that the field Hamiltonian in
(2.116) turns out to be a linear function of the latter.

The construction of momenta p® conjugated to the 3-metric of the gravita-
tional field for the system (2.114) leads to the result

pt = 7% 4 pob) (2.118)
0

pov — 2 (N 1/2£m), 2.119

5 N9 ( )

where the purely gravitational momentum 7% is determined by (2.88). The
quantity P2 (2.119) is an additional contribution to the gravitational field
momentum, due to the presence of time derivatives of the metric in the matter
field Lagrangian. It is clear that the derivatives of the metric enter L,, in
terms of the Riemannian connection in the covariant derivatives ¥.,,. Since the
variation of the Christoffel symbols with respect to the metric is expressed in
terms of the covariant derivatives of the metric variations dg,,,, one can write
the following variational identity:

0Ly,

1
Gom 5 (W.,) = = PP (5,00, 2.12
o, 6g(Zip) 9 (69u); ( 0)

which also serves as a definition for the tensor P#*? (see Chapter 1, Sec. 1.3.).

Substituting (2.120) into (2.119) and using (2.68), we arrive at
1

P = 3 g'/? pabt, (2.121)

For the theories of matter that does not interact with the derivatives of

the metric, i.e., when ¥, = 0,¥ in the action (2.115) (which is the case, for

example, for the scalar or the electromagnetic fields) one finds P#*? = 0, and

the momentum of the gravitational field p? identically coincides with the purely

gravitational momentum
p?® = 70, (2.122)

0
It is convenient to rewrite the superhamiltonian of the matter H']* by isolating
the term of a special structure as follows:

0
HT =H™ + 2K, P*. (2.123)
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Now let us plug into (2.114) the expressions (2.96), (2.116) and (2.123), and in
the latter equation we make use of (2.87). Integrating the term — 2N(a‘b)Pabgl/2
by parts and dropping an inessential surface integral, we obtain the canonical
action of the gravitating system:

t1

S | Gab, 2™, 0, D, N(“)} = /dt {/d3x (p“bgab +pp— N(”)H(m) - HO}-
to
(2.124)
Here the superhamiltonian H,; and the supermomenta H, of the total system
are given by:

H =H"+H (2.125)

)
ﬂ,ab — pab _ Pab

0
Hy = H7 = 29260 (2.126)

The extrinsic curvature K,; should be expressed in these formulas in terms of
the phase variables from the solution of the equation (2.91), taking the following
form:

Kab = UGabcd [pCd - PCd(Kef)] .

One can show that the superhamiltonian (2.125) and the supermomenta
(2.126) satisty the involution relations

_ 7@
{H, Hoy} = U ) Heas (2.127)

where the Poisson brackets are defined for the complete set of the phase vari-
ables gap, 7, and p, and with the same structural functions as for the pure
gravitation®. Consequently, H () are the first-kind constraints and they are gen-
erators of the pseudogroup of the space-like hypersurface deformations, consid-
ered in the previous section, that now acts in the total space of the variables

gab,pabv ¥, Ds P = (gabvpabv Soap)v
7P = /d%’ {®,H(,y(x')} F(x). (2.128)

Therefore, the gravitating system described by the action (2.124) is degener-
ate, due to its invariance with respect to the transformations (2.128) realizing
the general coordinate transformations in the configuration space.

The first-kind constraints of the theory

Hy (9ab,p™, 0,0) =0

3This conclusion is based on the independence of the total action (2.124) on the choice of
a slicing (2.55) in the interior domain of space-time volume.
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are equivalent to the four Einstein field equations with the tensor sources

1
H, =20g"? (GJ_J_ - §TJ_J_)>
1
Ha = 291/2 (GJ_U, - iHLa)a

where H, | and H |, are the projections of the energy-momentum tensor H,,
on normal basis vectors. The equations which are obtained by the variation of
(2.124) with respect to g, and 7% are equivalent to the remaining six Einstein’s
equations Ggp — %Tab =0.

Let us note that in a particular case of the interaction without derivatives,
when P? = 0 and the relation (2.122) is valid, the structure of the formulas
(2.124)-(2.126) is essentially simplified. The superhamiltonian H, of the total
system is decomposed into a sum of the purely gravitational superhamiltonian
plus the superhamiltonian of the matter in an external gravitational field.

The non-dynamical character of the torsion field in ECT leads to an insignif-
icant modification of the superhamiltonian H, of the total system, which does
not destroy the structure of the general action (2.124) and the involution rela-
tions (2.127). Therefore, the canonical formalism of the gravitating fields in the
Riemann-Cartan space has the same structure as in the Riemann space.



3

Dynamics of gravity theories
of Hilbert-Einstein type

3.1. The problem of the “frozen” formalism

The dynamical contents of the field theory is determined by the sector of its
physical degrees of freedom cleared of the ambiguity caused by the invariance
under the action of the local group.

The gravity theory of the Hilbert-Einstein type in the space of a general affine
connection can be effectively formulated in the Riemannian space. The torsion
fields in the theories of this type are non-dynamical and they are algebraically
excluded in terms of the components of the spin tensor of matter. Hence, they
cannot affect the dynamical content of the theory. In this context, without the
loss of generality, we will consider the dynamics of Einstein’s GR with arbitrary
matter sources.

The canonical action of the gravitating system (2.124) is a particular case
of the general class of degenerate systems described by the action (2.27). The
lapse and shift functions N are the Lagrange multipliers. Variation of (2.124)
with respect to the phase variables @ and the Lagrange multipliers yields the
equations

&=, (3.1)
H (@) =0, (3.2)

where 6V ® is the canonical transformation (2.128) defined by the parameters
F#) = N The Lagrange multipliers are not determined from the equations
of motion and remain arbitrary.
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As a result, we find ourselves in a strange situation: the right-hand side of
the canonical equations (3.1) turns out to be a pure canonical transformation
(2.30), (2.30a) that leaves the action invariant, i.e., the dynamics of the phase
variables reduces to canonical transformations with arbitrary parameters N ()
realizing the local invariance group in the phase space. It appears that there are
no dynamical degrees of freedom in the gravitating system, since its evolution
reduces to transformations from the invariance group of the action.

The reason is that in the total Hamiltonian of the system

H = Hy+ / d*xNWH, (3.3)

the quantity Hy does not explicitly contribute to the field equations (3.1), (3.2),
since it is the surface integral (2.85). In fact, a contribution does exist, but it is
implicit in its nature. The Hamiltonian H{ ensures the correctness of the vari-
ational problem for the action, leading to the proper boundary value problem
for the second-order field equations [14].

Such a situation producing an illusion of the absence of dynamics in the grav-
ity theory is called a problem of the “frozen” formalism. In a more explicit form,
this problem arises in cosmological closed models, where the surface integral H
is absent, Hy = 0, and the complete Hamiltonian (3.3) vanishes on the surface
of the constraints (3.2) in the phase space. The problem of the “frozen” formal-
ism arises more seriously when we try to construct the quantum gravity theory,
since in a naive approach to the quantization the vanishing of the Hamiltonian
(3.3) of the system means the absence of evolution of the vector of the quantum
field state

(1)) = exp (iH2) | #(0)) = |W(0)).

For the development of the canonical formalism of degenerate systems, ana-
lyzed in the previous chapter for the general theory, one needs to address the
arising problem of the “frozen” formalism.

3.2.  Arnowitt-Deser-Misner procedure of selection
of physical degrees of freedom

Let us assume that the number of pairs of the phase variables of the matter field
@ is equal to N. Thus, the general dimension of the phase space of a gravitating
system is equal to 2n = 12 4 2N, since the total number of the gravitational
field momenta p® plus the components of the 3-metric gqp is equal to 12. In
accordance with the general procedure of the previous chapter, the number of
the dynamical degrees of a degenerate system with m = 4 constraints of the
first kind (3.2) is equal to n—m = 2+ N. Therefore, the pure gravitational field
accounts for the two dynamical degrees of freedom. Let us find these variables.

Consider the canonical transformation from the initial set of the phase vari-
ables @ = (gaup, p*°, ¢, p) to the new set of (12 + 2NN) variables:
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(b, 2™, 0,p) — (X, 11,59, pa), (3.4)

where (X*#, IT,,) are the four pairs of the canonically conjugated phase variables,
and (¢g”,pa) are the remaining (N + 2) pairs (A =1,2,..., N +2).

This transformation may be absolutely arbitrary. The only restriction im-
posed on it is as follows. Expressing the old phase variables in terms of the new

onesl

&= [XH II,;9" pa], (3.5)

we obtain the geometrodynamical constraints (2.125), (2.126) in terms of the
new phase variables:

Hyy = Hy (%) [X*, Ta; g7, pal. (3.6)
One can define the matrix
0H ) (¥)
(1) _ wn\y) .
J(V) (x,y) = m = {X‘ (x) s Hy) (y)} . (3.7)

The transformation (3.4) must satisfy the condition of invertibility of the

functional matrix (3.7), det (J(“)(x, y)) # 0, so that the inverse matrix exists

w)
1) (v.2),

[y )8 v2) = 5 ax-a),

and reads J

and then one can solve the constraint equations H(, (x) [X‘X, 1I,; gA,pA] =0
with respect to I1,,

(%) = = Pu(x)[ X% g%, pal. (3.8)

Since the transformation (3.4) is canonical, the action (2.124) in terms of new
variables takes the following form:

t1
5 = /dt/d% {pAgA I, X" — Hy — N(“)H(M)(X)[X,H;gA,pA]}, (3.9)
to

where the surface integral Hy must also be written using (3.5) in terms of the
new phase variables.

The equations obtained from the variational principle for the action (3.9)
are equivalent to the complete set of the canonical equations. Let us write the
equation from the variation with respect to I1,:

XH(x) = /d?’yN(”)(y)J((f))(x y). (3.10)

ISince nothing is assumed about the locality of the transformation (3.4), & are the func-
tionals of the new variables as the functions of the three-dimensional coordinates x.
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In accordance with the general procedure of Chapter 2 we introduce the gauge
conditions:

XM (x) = XH(x) — fH(t,x) =0, (3.11)
where f#(t,x) are some functions of the coordinates and the time parameter ¢.
Then the parametrization (2.38) of the complete set of the phase variables in
terms of the physical degrees of freedom (¢*,p*) = (9, pa) via

XM:fH(tvx)v Hﬂ:_P/,L[fa;gAvaL (312)

guarantees that the complete set of the constraints and gauge conditions (2.39)
or (3.11) is satisfied. The action (3.9) in terms of the physical degrees of freedom
is obtained after substituting (3.12) into (3.9):

t1

S pa] = [ @] [ @opai? el 0} G13)

to

where the total physical Hamiltonian is equal to
thys(t) [gAva:I = HO [gAapA] + \/d?):r PM(X) [fa;gAva] f”(t,x). (314)

When varying the action (3.13) with respect to (g, pa), we obtain the closed
system of equations for the physical degrees of freedom, however, the lapse
and shift functions, which are the Lagrange multipliers, remain undetermined.
Without the knowledge of them, the dynamics of the gravitating system is not
fully determined. If we require the preservation of the gauge conditions (3.11)
in time, we obtain the equation (3.10) for N(#)(x), where the variables X*(x)
are replaced with f."(t7 x), and hence

N = [y g ey () (3.15)

It is easy to see that these equations are equivalent to the equations (2.35)
and with Hy = 0 nonvanishing values of N (“)(x) are entirely due to explicit
dependence of the gauge conditions (3.11) on time.

Therefore, the equations (3.13)-(3.15) solve the problem of selection of the
dynamically independent degrees of freedom, and one can construct a nontrivial
physical Hamiltonian. Let us consider the arbitrariness of the choice of the
functions f#(¢,x) in the additional conditions (3.11).

The lapse and shift functions must satisfy the following conditions:

N >0, N? — N°N, > 0. (3.16)

The first condition determines the positive direction of the time counted by
the parameter ¢, and the second condition means that the coordinate curve
t is time-like, i.e., it lies within the light cone. Strictly speaking, the second
condition is not mandatory, however, one should impose this condition if one
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requires that the coordinate system (¢,x) could be realized using the physical
bodies.

In addition to the arbitrariness related with functions f#(¢,x), there is a large
arbitrariness in the choice of the new set of phase variables (3.4) connected with
an old set by a canonical transformation.

Due to the complicated differential character of the gravitational constraints,
there are no spatially-local canonical transformations (3.4) leading to the local
function for the Hamiltonian (3.14) density [50]. It means that in general case
the ADM method produces a non-local action for the physical variables and
the non-local expressions for the lapse and shift functions (3.15). As a rule, the
functional matrix (3.7) is a differential operator, and hence J ’155 ;‘; is an integral
operation requiring to fix the boundary conditions at the spatial boundary.

3.3. Asymptotically flat and closed worlds

It was established above that the construction of a nontrivial physical Hamil-
tonian is performed simultaneously with the selection of the dynamically in-
dependent variables of the gravitating system. In addition, the lapse and shift
functions are fixed uniquely, i.e., the physical time and coordinates are defined.
Without referring to the ADM procedure, it is impossible to construct a regular
Hamiltonian, since the naive Hamiltonian (3.3) cannot generate the dynamics
of the theory and produces the problem of the “frozen” formalism. That is quite
clear, since the basic notions of any theory are not the energy and momentum,
but the time and space where the dynamics of the physical degrees of freedom
takes place. The energy and momentum are in a certain sense conjugated quan-
tities to the time and coordinates, they are the generators of translations in the
spacetime.

To construct the dynamics of the gravitating system, it is necessary to distin-
guish two important subclasses of problems with essentially different physical
properties: the asymptotically flat insular worlds and the closed cosmological
systems.

The energy of asymptotically flat worlds

Asymptotically flat worlds are characterized by the presence of a region in them,
where the timelike and spacelike Killing vector fields? exist. They cannot be
determined globally, since the space on the whole is essentially inhomogeneous,
however, they exist asymptotically.

An open asymptotically flat space should be considered as the region of the
spacetime with the boundary, all points of which are directed to the spatial
infinity. In the asymptotically flat space, the “lateral cylindrical” boundary

2The worlds, where only timelike asymptotic Killing vector fields exist, can be analyzed
similarly to the asymptotically flat worlds.
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dV (see Fig. 2.1) is obtained in the limit of » — oo for the radius of the
two-dimensional sphere representing de(t). Besides, the vertical line (parallel
to the time axis) generating the cylindrical boundary 0V is set orthogonal to
the hypersurfaces e(t), that is on the whole, the boundary 0V is orthogonal
to e(t) for any value of ¢t. Therefore, the normal n, to V lies in the plane of
the hypersurface e(t) and is fixed by its projections n, on e(t). Moreover, the
vector n, coincides with the normal to the two-dimensional sphere de(t) in the
three-dimensional space e(t). The element of the measure dé turns out to be
equal to

do = Ndo. (3.17)

Computing the extrinsic curvature of the boundary 0V, one finds the expres-
sion for its trace 1

K=- i (n“N)q- (3.18)

Substituting (3.17) and (3.18) into (2.85) and taking into account that the
lapse function of the flat space is equal to one, we have

Hy = / do {—2[n".] N +2n,(p"* N, — pN*)} , (3.19)
de(t)

where [na‘a] is the difference of the values of n®, for the curved and the flat
spaces.
The boundary conditions for the metric in an asymptotically flat space are

fixed as M 20
Jab = dab + = nany + O (71_2) , nt=—
8rr r
T6rr 700
N, =0 (7"72) ,

where M is the total mass of an isolated distribution of matter.

Since do = r2d? + O(r~2), where dQ? is the element of a solid angle, in the
limit of r — oo only the terms of order not smaller than O (7“_2) contribute to
Hy. Therefore, when calculating [n®|,], it is sufficient to restrict oneself just to
the first term of the power series of the metric expansion in its deviation from
the flat metric hep = gap — dap, Which yields

-2 [n“‘a] =n (hab‘b — hg‘a) + O(T_g).

The momenta of the gravitational field are equal to
1/2

a g a Ci ac :C —
P = o (9 bged — 6" (§° — 2N(ojay) = O(r™?)

and they do not contribute to (3.19).
Thus, the Hamiltonian in asymptotically flat worlds takes the following form:
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Hy = /doa (h‘“"b - h’;'“) . (3.21)
de

This expression is covariant and does not depend on a choice of the spatial
coordinates. On the other hand, in Cartesian coordinates, it reduces to the
well-known Arnowitt-Deser-Misner energy [41]

E= / do, (Oph®® — O°hY). (3.22a)

However, the expression (3.22a) is non-covariant, and for the computation in
an arbitrary coordinate system, even an asymptotically Cartesian, it may lead,
as shown in [49], to an arbitrary value of the energy H.

The formula (3.21) yields the unambiguous result Hy = M, which confirms
the identification of the parameter M in the metric asymptotics (3.20) with the
total mass of an isolated distribution of matter. However, one has to remember
that the parameter M in the external Schwarzschild solution is not a pure mass
of matter, but it also includes the gravitational mass defect or the own energy
of the gravitational field.

Thus, in the framework of the general relativity theory on the basis of a
correct gravitational action function (2.82), one can obtain a covariant definition
of the energy of asymptotically flat worlds (in contrast to the opinion expressed
in [49]). In a similar way, one can covariantize the expressions [43] for the
total momentum and the angular moment of an asymptotically flat gravitating
system.

The result (3.22a) for the total energy of the gravitating system in an asymp-
totically flat world can be derived from the Landau-Lifshitz energy-momentum
pseudotensor [27].

When using in the ADM procedure the additional conditions (3.12) with the
functions f*(t,x) that do not depend on time,

=), fMx) =0, (3.23)

in view of (3.14) one obtains the physical Hamiltonian, which numerically co-
incides with (3.21), but is a functional of the independent degrees of freedom
of the gravitating system

Hpnys (t) [9%,pa] = j{ do® (9" gay, — Dages) : (3.24)

Jab = Gablg® DAl

This statement represents the contents of the Regge-Teitelboim theorem [51]
about the physical Hamiltonian in the asymptotically flat worlds.

Since the physical Hamiltonian is determined by the spatial asymptotics of
the three-dimensional metric satisfying (3.20), we can illustrate the ADM meth-
ods on an example of a linearized gravitational field describing small deviations
of the metric from the flat one:

Gab = Oab + hab, hap < 1.



52 DYNAMICS OF HILBERT-EINSTEIN GRAVITY

Let us assume that the canonical transformation in (3.4) acts only on the
phase variables of gravitational field (g5, p®®). We transform them using the
decomposition of an arbitrary symmetrical tensor f,; into the longitudinal,
transverse and transverse-traceless parts:

fab = Oafo + Opfa + fg;, + ;T. (3.25)

Here the transverse part f2, is expressed in terms of the trace f7 = fI using
the projection operator

b = % [6ab Oa ab} e (3.26)

where 1/A is Green’s function of the Laplace operator A = 9,0, in the open
flat space. The trace of the transverse part f7 satisfies the equation

AfT = Afaa - 6(Labfab- (327)

Using (3.25)-(3.27), we transform the following expression:
[t [@apaun = [de [ oot i gty - 2000}

where g4, g2, 951 are the components of the decomposition (3.25) of the three-
dimensional metric g, (a similar notation is used for p?®). In the second term
of this expression, the integration by parts with respect to time ¢ was done.
Taking into account that according to (3.26) gfb is expressed in terms of g7,
we obtain

: . ab 1, ab -
/dt/dsxpabgab = /dt/dgx {prT ghr —gTipT — 20pp bga}, (3.28)

from which it is obvious that instead of (g,s, p*®) one can introduce the following

canonically conjugated variables:

X =ga, 1y =—20,p", (3.29)
1

X0 =- SPT Iy = gr, (3.30)

gA = gng, pa = p%bT, A=1,2. (3.31)

Separating the linear part with respect to the fields in the gravitational con-
straints (2.125) and (2.126), we find
HJ_ - Agawz - aaabgab + hl_(habvpab; (pvp)a
Ha = - 2abpba + ha(hab,pab; Soap)v

where the terms h; and h, are of higher order with respect to the fields. In
terms of the new phase variables (3.29)-(3.31), the constraints are recast into:

Hy = Ay + ho[X, IT; g%, pa; ¢, ), (3.32)
H, = IT, + h[X, IT; g%, pas o, ),
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where in terms of the new variables, ¢y and ¢, become functionals of the second
and higher order in their arguments.
Eq. (3.32) shows that the matrix (3.7) in the linear approximation reads

Ad(y — x) 0
I (xy) = . (3.33)
0 ooy — x)

Let us impose the additional conditions (3.11) satisfying (3.23):
X0 =0, X =_ g%, (3.34)

then the Hamiltonian (3.14) takes the form (3.24). We use this form as a volume
integral [taking (3.27) into account]

Hy = —/d?’x AgT. (3.35)

In the linear approximation, it is easy to obtain the dependence of this quantity
on the physical degrees of freedom (gng, p%bT, ©,p). When solving the constraint
(3.32) in this approximation, we have

— AgT(x) = ho[ X", I1,; 9™, pa; ¢, 1] -
X0=0,x"= 1211, =0

Taking into account (2.125) and (2.94), we can find ¢, from which the physical
Hamiltonian of the gravitating system in the linear approximation is equal to

a a 1
Hon OG5 0] = [ o {002 + 50T + i) |

(3.36)
In this approach, the purely gravitational degrees of freedom are identified
with the two transverse-traceless components of the metric and the conjugated
momenta. These are the two well-known transverse polarizations of the gravi-
tational wave.
Let us now determine the lapse and shift functions. In view of (3.33) and the
conditions (3.23) which are satisfied by the additional conditions (3.34), the
equations for N* take the following form (in the linear approximation):

AN(x) =0, N¢(x) =0. (3.37)
The equation (3.37) should be supplemented with the boundary condition,
which is induced by the asymptotically flat type of the metric

N —1,

T — 00

consequently N(x) =1 (3.38)

with an accuracy up to the terms linear in the fields.
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This result demonstrates how important are the boundary conditions in the
cosmological problems with the open models. Indeed, the entire dynamics of the
gravitating system and its energy are determined by the spatial asymptotics.
From the physical point of view, one can explain this as follows. The time and
space coordinates which are realized and measured using the physical instru-
ments, can be uniquely determined only on the spatial asymptotics, since there
are time-like and space-like Killing vector fields. Thus, the Hamiltonian (3.21)
is a generator of the global translation in time, determined asymptotically.

Dynamics of closed cosmological models

In contrast to the asymptotically flat worlds which were recently comprehen-
sively studied, the closed cosmological models and their dynamics remain a
stumbling block in the modern gravity theory.

In closed cosmological systems, the surface integral Hy is absent, and there-
fore the physical Hamiltonian is determined only by the second term in (3.14)
and it does not vanish only if f#(t,x) # 0. The conditions (3.16) for the lapse
and shift functions also require that not all f#(¢,x) vanish.

Therefore, in order to have a nontrivial dynamics in the closed cosmological
models one needs to introduce the canonical gauges that explicitly depend on
time. Such a time-dependence of the gauge generates the dynamics of all the
physical variables of the theory. Alternatively, one can introduce the evolution
of the closed cosmology by fixing the Lagrange multipliers — the lapse and shift
functions, avoiding the use of explicitly time-dependent functions. However, this
is at most another way to construct the canonical gauge with a parametric time
dependence.

We can demonstrate this by the simplest example of the closed Friedman
Universe described by the metric

ds®> = — N%(t) dt® + R*(t)yu, da’da®, (3.39)
where the lapse function N(t) and the cosmological radius R(¢) depend only
on time, and -;; is the metric of the three-dimensional hypersphere of a unit
radius in some coordinates z’. Since the model is homogeneous, its Lagrange

function L4 in terms of the finite number of degrees of freedom is obtained by
the integration of (2.84) over the three-dimensional volume of the Universe:

1 aa
L,=—<{-1?=+N 4
g 210{ ZON+ a}, (3.40)

where a is the dimensionless radius of the Universe in the units of the Planck

length lg = \/2Gh/3mc3,

The superhamiltonian corresponding to (3.40) is equal to

/d%%(x) =_ %0 {’f + a} , (3.42)

R=1la. (3.41)
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where p is the momentum conjugated to the variable a:

= % =— ZNO aa, (3.43)
and g¢ = lal is the Planck energy (g9 = hc/lp in the usual units).

We assume that the Universe is homogeneously filled with a noninteracting
dust without pressure, so that the integral over the three-dimensional volume
of the Universe from the matter superhamiltonian H, in (2.125) is equal to its
conserved mass-energy

/d?’x Ho(x) =, € = const.

Then the geometrodynamical constraint takes the following form:

H, =0, (3.44)

€o

H, = /d3x H)(x)= 5 (1’;2 +a) +e. (3.45)

Because of the homogeneity of the Friedman model, other constraints are not
important since they are satisfied identically due to the invariance of the system
with respect to the spatial translations.

Therefore, a further analysis is equivalent to the ADM procedure with one
constraint in which the index p takes only one value.

The equations (3.1) for the complete set of the phase variables @ = (a,p)

reduce to 5
s Neo ("
p_ 2 (CLQ )7

and (3.43). The constraint equation (3.44) is the first integral of these equations,
which corresponds to the condition of preservation of the constraint in time.

The evolution of the Friedman Universe is usually found by choosing the
coordinate condition

N =R, (3.46)

that brings the metric (3.39) to the conformally static form. Combining (3.43)
and (3.46) we have p = —a, as a result, the constraint (3.44) becomes an
equation for a(t), the solution of which gives

€
a(t) = —(1 — cost), (3.47)
€0
where the moment of time ¢ = 0 corresponds to the cosmological singularity
a=0.
Let us show that the gauge (3.46), containing the Lagrange multiplier, cor-
responds to a canonical gauge that explicitly depends on time. For this, we

choose the new canonical variables in accordance with the ADM procedure
(3.4) Iy =11, X° =T
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a = /—2II cosT, (3.48)
p = V211 sinT. (3.49)

The constraint (3.45) in new variables is recast into the form

&N \/—217
H =——
2 cosT

and then a solution (3.8) of this constraint with respect to I reads

+e, (3.50)

2
I=-pP, P=2 (5) cos? T. (3.51)
€o
Imposing now the additional condition (3.11)
t —
T = Tﬂ , (3.52)

we find the physical Hamiltonian of the system, see (3.14)

Hynys(t) = — sin®(t/2).
€0
The dynamically independent degrees of freedom of this Hamiltonian are the
variables of the dust-like matter, with the energy e being the function of them.
Substituting (3.51) into (3.48), we obtain (3.47) again, that is, the canonical
gauge (3.52) which can be rewritten in the original phase variables as

a+ ptan(t/2) =0, (3.53)

is equivalent to the coordinate condition (3.46). One can verify this using (3.15):
OH, \ .

N = T = . . 4

( oIl > loa (3 5 )

Therefore, the choice of a one-parameter family of surfaces in the phase space
(3.46) or (3.53) determines the family of the space-like hypersurfaces in the four-
dimensional spacetime, and the dynamics of the system reduces to the motion
along this family with the growth of the time parameter ¢. The only difference of
fixing the gauge (3.46) from (3.53) is that in (3.46) the family of hypersurfaces
is determined not globally, but differentially, by fixing not a one-parameter
slicing itself, but rather its derivative with respect to the parameter ¢. All this
is directly extended to the general case of a non-homogeneous gravitating closed
cosmological system, but the choice of a system of space-like hypersurfaces and
their coordinate parametrization will be determined by the family of the four
canonical gauges x*(t,®) = 0, explicitly depending on the time parameter ¢.

Moreover, each choice of the gauges, i.e., of the functions f#(¢,x) in (3.14)
will produce its own Hamiltonian. An ambiguity of determination of the energy
in the closed world, in contrast to an asymptotically flat one, is caused by the
fact that in closed Universes there are no a preferred observer and a preferred
system of the space-like hypersurfaces, which in open systems are associated
with the spacetime flat asymptotics.
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Torsion effects on the structure
and evolution of gravitating systems

4.1. Matter fields in the Einstein-Cartan theory

As we demonstrated in Sec. 1.3., the spin-connection interaction does not have
an explicit dynamical nature in the Einstein-Cartan theory (ECT). Neverthe-
less, it modifies the structure of the matter sources of the gravitational field,
and thereby the spin of matter affects the dynamics of the metric. Further-
more, it is worthwhile to stress that the ETC is not competing with GR, since
the (I-S)-interaction has a microscopic nature and is manifest on a scale of the
order of the mean distance between particles. The macroscopic gravitational
theory is obtained as a result of an appropriate averaging process. The value
of the term quadratic in spin Tﬁg becomes comparable with 7}, at densities
2

P> P =tz 54 of the spinning matter built of particles with the mass m [7].

For the mass of a nucleon, the critical density pe; ~ 1057 kg/m? is much smaller
than the Planck density py ~ 107 kg/m? at which the quantum-gravitational
effects start dominating. Consequently, the torsion can be essential already at
the level of the classical theory of the gravitational interactions.

Let us begin our study of the torsion effects in ECT with the analysis of the
structure of the matter currents.

Weyssenhoff spinning fluid

Before we present a consistent variational theory, it is instructive to show that
one can include a fluid with spin into the dynamical scheme of ECT on the
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basis of covariant conservation laws of the energy-momentum and spin (1.45)
and (1.47). Our presentation follows [191].

The ideal fluid with spin (or a spinning fluid) is a continuous medium, each
element of which is characterized by the energy, momentum and an intrin-
sic angular momentum. The phenomenological model of such a medium was
developed by Weyssenhoff and Raabe [54] in the flat Minkowski spacetime.
Accordingly, the general-relativistic ideal fluid with spin will also be called a
Weyssenhoff fluid.

In the phenomenological approach, elements of a medium are described by
the (average) 4-velocity u*, the 4-vector P, of the energy-momentum density,
and by the density of the spin angular momentum S, = S|, The spatial
components of the latter constitute the 3-vector S = {Sa3, 531,512} which in
the rest frame of the fluid is equal to the 3-dimensional density of intrinsic
angular momentum. The remaining components also constitute the 3-vector
a = {510, 520, S50} We assume that this vector vanishes in the rest frame of
fluid, i.e.,

Spu” =0. (4.1)
This assumption is called a Frenkel supplementary condition.
The 4-velocity is a timelike vector which is normalized by u,u* = —1. The
projection of the 4-momentum on the rest frame of the fluid yields the energy
density € = —utP,,.

As a first step, we consider the spinning dust on non-interacting elements
with the vanishing pressure. The phenomenological postulate for the canoni-
cal energy-momentum tensor and the canonical spin tensor of a dust reads as

follows:
tAM =y P

s
4.2
S)\/ﬂ/ _ u)\Splw } ( )

Making use of the covariant conservation law of the angular momentum (1.47),
we find a relation between the densities of the energy-momentum and spin

u, P, —u, Py =2¢(Vo —2Q0) (17 S,,). (4.3)

Contracting this equation with the 4-velocity, we find the 4-vector of momentum
explicitly

P, = cu,, + 2u*cS . (4.4)
We introduced a convenient notation for the derivative v 4 := (V,—2Q,)(up4)
for an arbitrary tensor density @4. Substituting (4.4) back into (4.3), we recast
the latter into the equation of motion of spin

Sy = uut Sy — uut Sy (4.5)

Finally, making use of (4.4) in (4.2), we obtain the canonical energy-momentum
tensor of the Weyssenhoff spinning dust

tuy = euyty, + Qu#u/\cSl,A.
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The first term on the right-hand side represents the usual ideal fluid with the
dust equation of state, and the last term is the spin contribution.

The phenomenological theory can be upgraded to a complete dynamical the-
ory of a spinning fluid. In order to construct the Lagrangian, we need to choose
the appropriate variables which describe such a continuous medium. In the
classical continuum mechanics, the ordinary matter consists of the structure-
less elements - the material points without physical properties other than mass.
In contrast, the spinning fluid represents an example of a matter with mi-
crostructure, the elements of which have additional degrees of freedom such as
spin.

Following Cosserat brothers [25], to describe the dynamics of a medium with
microstructure we attach a triad of vectors with each matter element. The field
of such material triads is denoted b/, i = 1,2, 3, and together with the 4-velocity
it comprises a local frame 0¥, a = 0,1, 2,3,

bg = {bg =uf, b’fa bgv bg}

defined at all the spacetime points of the domain occupied by the matter. The
vectors of the triad are chosen orthogonal to each other and to u* and have the
unit length:

9ubhby = ney = diag(—1,+1,+1,+1).

Such an orthonormal tetrad is called a material frame and it is different from
the spacetime tetrad h% which we discussed in Sec. 1.1.. We can choose h¥
arbitrarily and can always change this tetrad using a local Lorentz rotation. In
contrast, the material tetrad b% cannot be chosen arbitrarily, it is rigidly fixed
and moves together with the fluid.

We are now in a position to formulate the variational principle for the spinning
fluid. We begin by postulating (as in the usual case of an ideal fluid) that the
dynamics of the medium is such that the number of particles is constant, and
the entropy s and the identity of particles are conserved along the flow lines of
the fluid. Mathematically, this means that we impose the constraints

Ou (Vgpur) =0, u'dys =0, w9, X =0.

Here p is the particle number density, and the Lin variable X is introduced to
identify matter elements.

We will describe the physical properties of the fluid by the particle density
p, the internal energy density ¢, and the specific spin density u* = —pu’t (i.e.,
the spin density per matter element), ¢, = 1,2, 3.

With all these prerequisites, the Lagrangian of the spinning fluid reads

. 1 . v
Ly = —e(p,s,u”) + §pumgwbé‘uavabj
+ put' O 1 + Xou'0ys + Azut' 0, X + )\“b(guubgbz — Nab)-

The first line represents the physically essential part related to the kinetic and
potential energy of the system, and the second line takes into account all the
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constraints which are imposed on the system by means of the Lagrange multi-
pliers A1, A2, A3 and Aab,

The thermodynamical properties of the spinning fluid are described by the
usual Gibbs law corrected by the spin energy contribution:

1 1 y
Tds =d <€> +pd <> — —w;dp.
p p 2

Here T' is the temperature, p is the pressure, and w;; is the thermodynamical
variable conjugated to the specific spin density .

The equations of motion are derived from the variation of the matter action
% [ d*z\/g Lw with respect to the total set of (fundamental and auxiliary)
variables ®4 = {p, s, X, u7, b, A1, A2, A3, A®*}. Variation with respect to the
Lagrange A multipliers, we obtain the set of constraints, whereas the variation
with respect to p, s, X, and p¥ yields, respectively:

1 .
—e—p+ ipu”gwau’\VAb;’ + putdu 1 =0,
pT + ).\2 = 0, )-\3 = 0, Wwij = gwuabgbvabg.

Here we had to make use of the Gibbs law to evaluate the derivatives of the
internal energy density ¢ with respect to its arguments.
Finally, from the variation of the material tetrad, u* and b, we find

1 (%) o a v
SPH 1 9oo V)V 10 + pOp A1 + X20ys + N30, X + 2\% g, b7 = 0,

v (puijuAV,\b? + %b]”-uA&\,uij + 2)\mbg) =0.
Contracting these equations with u* and b}/, we find the Lagrange multipliers
2200 = ¢ 4 p, 22 = ppu, u*V by, oA = — ppll IR v, b,
and obtain the equations of motion of spin:
U O + p*w?y, + Wt = 0.

The Latin 3-dimensional indices that refer to the material tetrad are moved
with the help of the Euclidean metric §*/ and §;;. We also introduced the inverse
material triad by bj, = g,,n"b} = g,,0"/b%. One can verify the relations

Wbl =06l  bLbl =0k + utu,.

Finally, we apply these results to derive the canonical tensors of energy-momen-
tum and spin. Recalling the definitions of Sec. 1.3., we find from the Weyssenhoff
Lagrangian Ly :

th, = pdi‘ + (p+ e)utuy, + 2utu”eS,,, } (4.6)

A A
St =u S,
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where we have the spin density explicitly
1 ..
SHY = ip,u”bfb;’.

By construction, the spin tensor satisfies the Frenkel condition (4.1). The canon-
ical sources (4.6) provide a consistent generalization of the phenomenological
result (4.2) to the case of fluid with nontrivial pressure p.

This completes the construction of the variational theory of the Weyssenhoff
spinning fluid. It is applicable to any gravitational theory.

Let us now specialize to the Einstein-Cartan gravity with the Lagrangian
(1.34) and the field equations (1.48), (1.49). Combining last equation with the
Frenkel condition (4.1), we find the torsion Q*,, = kcu*S,,, (the torsion trace
vanishes, @, = 0, since S, = u” Sy, = 0). Plugging this into (1.51), we find the
effective Lagrangian of the spinning fluid

2
Ly = —e(p,s,n7) + %W”gwbé‘ua%abg + % P2 i

+ put A + Aoty s + A3ul 9, X + AP (g,bEbY — Nap).-

The last term in the first line describes the typical spin-spin contact interaction.
One can also write this as

I<EC2

" P = RS St = LSS,
but this form produces a misleading impression that the spacetime metric tensor
is involved. In reality, the effective spin-spin interaction term depends only on
the particle density p and on the specific spin density p%/. This is important to
keep in one’s mind when performing the variation of the effective fluid action
with respect to the metric.

Taking into account that the variation of the Christoffel symbols reads

1 4 185 {
5{'1);1/} = 59)\& (V/L(sgl/a + VV(sg;La - Va(sg/tv>,
it is straightforward to find the effective metrical energy-momentum tensor
(&} € (&) € (0% « {}
Tow =" g + (07 + e, +2¢ (uu” = %) Va (uuSis) -\ 7y
el — ¢ — k252, pt = p— Kk?S2.

Summarizing, the structure of the sources of the gravitational field in the
Riemann-Cartan spacetime with torsion for the Weyssenhoff spinning fluid is
given by (4.6). For the case of the Einstein-Cartan theory, the dynamics of the
gravitational field is described by Einstein’s equation (1.52) with the effective
energy-momentum tensor (4.7) that depends on the spin density square and the
derivatives of the spin tensor.

The phenomenological way to introduce the spin in the fluid model was dis-
cussed in the numerous papers, and a number of variational principle approaches
for the spinning fluid were developed, see [12], for example.



62 TORSION EFFECTS ON GRAVITATING SYSTEMS

Spinor fields in ECT

Of a particular interest is the study of the self-gravitating fields with spin which
due to the contact character of spin-spin interaction of the Einstein-Cartan
model gives rise to a nonlinear extension of GR expressed by the effective equa-
tion (1.52). The spin-spin interaction caused by space-time torsion is manifest
as a nonlinearity of these fields, as we demonstrate below.

We consider here the most important physical example of the spinor Dirac
field. As the Lagrangian of the Dirac field ¥ in the space Uy, we take

_ he _ _
LoV, T, w,, gu) = 36 (T4 DoV — DT T) + mc*T0. (4.8)

Here m is the rest mass of the Dirac fermion ¥, v* are the flat Dirac matrices
in Weinberg’s representation [192], and D, = h#D,, with

D,V =0,V +w, V.

The expression for the covariant derivatives of spinors is defined by formulas
(A2.7)-(A2.8) of Appendix A2.

As independent dynamical variables, one can take {¥, ¥, v r v}, on which
the metricity condition (1.8) is imposed as a constraint. If the latter is solved
explicitly, the connection I'*,,, takes the form (1.12), and the spinor connection
(A2.6) can be recast into

Wy = i'yng'YV - i'VVT)\Vu'YA- (4'9)
However, since the tetrad field is fundamentally involved in the definition of the
spinor connection and the covariant derivative, it is more convenient to switch
to the tetrad formalism and to take the equivalent set of independent dynamical
variables {U, ¥, h$, T%,}. The metricity condition (1.8) in the tetrad formalism
reads
vunab = - Fabu - Fbau = 0.

Consequently, we conclude that the metric-compatible local Lorentz connection
is skew-symmetric: I'apy = [gp),. The same property then shares the tetrad
curvature tensor: Rapun = Riabjuw-

The field equations of the theory are derived from the variational problem
for the total Lagrangian (1.34) in the tetrad disguise

1 1
S = /d%h {mRabwhghg + C[’D} : (4.10)

Here we denoted the determinant of the tetrad h := det hj;; obviously we have
h = /9. In the tetrad formalism we do not need to add the metricity condition
with the Lagrange multipliers, it is sufficient just to take the skew-symmetric
local Lorentz connection I'%,,.
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Variation of the action (4.10) with respect to the independent variables yields:

65 1. . 1. Lo, K, —
05 2 (M) + BB ey e T =0, (412)
(SFabM = weh Y [a""b] ] Y VaYo] T Va V)Y = Y% .

4S

T (Do — Qa)¥ + me¥ = 0, (4.13)

55 o

E = — FL(DG — Qa)\l”'}/ + mc¥ = 0. (414)

Here the covariant derivative D,, acts only on the tetrad indices. For example,
Dl = 0,vf — Fbauvb” for an arbitrary tensor object that carries both (world
and tetrad) types of indices. Directly form the definition of the torsion, one can
verify the useful geometrical identity

2

7 D, (hh[”ahff]) =Q"ap +hEQy — by Qq. (4.15)

Making use of the definitions of Sec. 1.3., we find the canonical energy-
momentum and spin tensors

A _ _
= Lod) + 5 (DI =Ty D),

§ = DT + Mg = P gy e
we =g Y VW] T VY)Y =t Yo V5 ¥

Since the spin tensor of the Dirac field is completely antisymmetric, the torsion
trace vanishes (), = 0 and hence the Dirac equation (4.13) in Uy is simplified,

h*Dy¥ + me¥ = 0, (4.13a)

and a similar result is found for the conjugated equation (4.14).
With the help of (4.15), the Palatini equation (4.12) determines the torsion

ikhc

Q’\W = HCS)\W, = TEWA"W%,%\I/. (4.16)
This means that in the irreducible decomposition (1.13) only the pseudotrace
of torsion is nontrivial, Q,, = mfc Uy, 5.

It is straightforward to see that the fermion Lagrangian (4.8) vanishes “on-
shell”, Lp = 0, when the spinor fields that satisfy the Dirac equation (4.13a).
As a result, Einstein’s equation (4.11) reads (converting the tetrad indices into
the world ones):

khe , - — —
G (D) =kt = T(DV\IWH\II - Uy, D, ¥). (4.17)

The system (4.13), (4.13a), (4.16), and (4.17) represents the complete set of

the dynamical equations for the Dirac field ¥, ¥ interacting with the gravita-
tional field gy, FAW.
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Using (4.9) and (4.16), we recast the Dirac equation (4.13a) into

'Vaga\ll (VY75 0)7 s ¥ + %\If =0, (4.18)
where 12 = 3khe, i.e., lp =~ 4.95 x 1073° m. We thus conclude that the torsion
induces a \Ili—nonlinearity in the Dirac equation (4.18).

Combining the general formula for the Riemann-Cartan connection (1.12)
with (4.16), we can decompose the Einstein tensor into the Riemannian and
post-Riemannian parts:

2
G (l) = G + (%hc) (90 (U5 0) (U 5 0) + 2(Uy,750) (Ty,75 )]
(4.19)
We need only the symmetric part, since the skew-symmetric part of (4.17)
is satisfied due to the conservation law of the total angular momentum. The
validity of the latter can be directly verified using the field equation (4.13) and
the expressions for the canonical energy-momentum and spin.
As we described in Sec. 1.3., the dynamics of the system is determined by
the effective Lagrangian 5--R + %E‘}ff, where the effective Lagrangian for the

2Kkc

Dirac field takes the form
o _ Nicf= U 0 Y — . -
£D = 5{\1/7 Da\II — Da\II'Y \I/ + ZO(\IPYU,,YS\II)(\I/’Y 75\11)} + mc \I[\I/ (420)

The gravitational field equation (4.17) then reduces to the Einstein equation
(1.52) with the effective energy-momentum tensor

o he (3 = — 4 _ — .
T,“ff = E{D(M‘I’%)‘I’ — Uy, Du) ¥ — gl (Uyas ) (T 75‘1’)}- (4.21)
Now let us consider a nonlinear spinor field of the Ivanenko-Heisenberg [56]

type as a source of the gravitational field in the framework of the Einstein-
Cartan theory. Its generally covariant Lagrangian reads

he — — _ _
Lrin =5 {Uy*D¥ — DUy F A2 (U775 ¥) (U795 0) ) (4.22)

where ), is the coupling constant with the dimension of length.
The nonlinear spinor Ivanenko-Heisenberg equation in the Riemann-Cartan
spacetime Uy follows from the Lagrangian (4.22):

VDU F A (U 9,75 W)y 5 ¥ = 0.

The canonical tensor of spin coincides with that of the Dirac field, and the
torsion is again determined by the Palatini equation (4.16). Substituting the
torsion, we recast the nonlinear spinor equation into the form similar to (4.18):

{} _
DY + (1§ F 22 (T72759)75 ¥ = 0. (4.23)
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If we fix the coupling constants so that )\12, = [2 and choose the upper sign in
the last term of (4.23), the latter becomes the field equation of a Dirac neutrino
in the Riemannian spacetime

0
D, = 0. (4.24)

The metrical energy-momentum tensor coincides with the symmetric part of
the canonical energy-momentum tensor, and for the nonlinear spinor field with
the coupling constant /\127 = 2 we derive

he — — _ _
T =ty = ?{D(#\D%)\Il—\Iw(uDl,)\If—i—ngg(\Iwa'ys\ll)(\ll'y“'yg)\ll)}. (4.25)
Decomposing this into the Riemannian and post-Riemannian parts and com-
bining with (4.19), we arrive at the Einstein equation (1.52) with the effective
energy-momentum tensor

he (it = — U

eff

7ol = T{ DTy ¥ - Ty Dy v . (4.26)
The whole dynamics of the coupled spinor and gravitational fields is described

by the corresponding effective Lagrangian

he (= {3 U —
L5 = 5 { T Da¥ = DTy .
We can formulate the conclusions that follow from our observations in the
form of the two equivalence theorems as follows.
The Einstein-Cartan theory of the neutrino (massless Dirac spin—% fermion)
field in the Riemann-Cartan spacetime

rhe — —
G () = T{Dw‘l’%)‘lf - ‘I”Yme‘I’}a

7*Da¥ =0,

is equivalent to the Einstein theory of the nonlinear spinor (of the Ivanenko-
Heisenberg type) field in the Riemannian spacetime:

khe ({3 — - _ —
G(,uv) = T{D(M\IIWU)‘I] - ‘I]'Y(;LDV)\IJ - guul(z)(\llya’YS\Il)(\Ihya’YS\Ij)}v

{3 — mce
Y DoV + 1§ (T y5 )7y T + ?\If =0.

In a similar way, under the condition )\127 = [2, the Einstein-Cartan theory of
the nonlinear spinor field in the Riemann-Cartan spacetime

rkhe — — _ —
Guuy(l) = T{D(M‘I’%)‘P — Uy, Doy ¥ + g ld (Uyays ) (U 75‘11)}7

— mc
V' Da¥ = 1§(¥72759)7" 95 ¥ + == 0 =0
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is equivalent to the Einstein theory of the neutrino Dirac spinor field in the
Riemannian spacetime:

khe (O — _ 0
00w>245*{wa7wm-mww0wm}7

{}
Y Do¥ =0,

These results actually reveal the geometrical nature of nonlinearity of the
Ivanenko-Heisenberg [58] equations!. It must be stressed that our conclusions
follow from the analysis of the complete system of equations describing the
self-gravitating spinor fields.

However, it is worthwhile to mention that the equality of the coupling con-
stants lp and A, in the Ivanenko-Heisenberg equation is physically unsubstan-
tiated unless it becomes a natural part of a fundamental theory, or the specific
physical conditions arise which lead to such an equality. In particular, one can
show that the aforementioned equivalence may take place at the initial stages of
the cosmological evolution [60] by means of the spontaneous symmetry breaking
mechanism of the vacuum state of a self-interacting scalar field with conformal
coupling [71, 72] in an external metric of an open Friedman model [61].

Another possibility to adjust the coupling constants Iy and A,, is to ex-
tend the Einstein-Cartan model (as it is actually required in the gauge theory
for a non-semisimple group) by including into the gravitational Lagrangian,
along with the Hilbert term with Einstein’s coupling constant x, the term
quadratic in the torsion tensor with an additional dimensionless coupling con-
stant y. A particular example of such an extended theory gives the Lagrangian

ﬁ (R(F) + XQH)\VQMAV)'

Vector fields in ECT

The gravitational interaction of vector fields is an interesting issue in the frame-
work of the Einstein-Cartan theory. If we start with a theory of a massless vector
field A, in the flat spacetime, and formally apply the minimal coupling princi-
ple by replacing the ordinary derivatives by the covariant ones, then in Uy we
obtain the Lagrangian

1
= — —F5(D)YF(T

where the generalized vector field strength tensor reads

Fop(T) = VaAp — VgAa = Fap +2Q apAx.

1The dynamics of the two-component neutrino in the Uy Riemann-Cartan spacetime iden-
tically coincides with the dynamics of the neutrino in the Riemann spacetime. Within the
so-called strong gravitation of A. Salam [59] one has lgp = Ap.
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Here Fi,g = 0,Ag—03A, is the usual Maxwell tensor. The field equations for the
coupled gravitational and vector fields are obtained from the action (1.34) by the
variation with respect to the fundamental variables g, r uvy Ay, and the La-
grange multipliers A%%7. The resulting system of the Einstein-Cartan equations
(1.48) and (1.49) describes the dynamics of the gravitational fields (g, @)
created by its sources: the canonical tensors of the energy-momentum and the
spin of the vector field
1 « 1 (0%
) = 5= { FuaDVE (D) = 90 Fa (D) F4 (1)
4 4
(V= 2004 F) (D) },
1
St = — — AL F N D).
" 1o A (@)
In addition, the dynamics of the vector field A, is described by the equation

(Vo —2Qq)F(I') = 0. (4.27)

Let us solve the Palatini equation (1.49) with respect to the torsion tensor.
This is a nontrivial task since the torsion appears on both sides (explicitly on
the left-hand side, and implicitly in F),, (") on the right-hand side). After some
algebra we find

A _
Q= — C4 meyP (4.28)

G AN 18X o
2 S AN, — 560 ) F A
—G {A[“FV]A + (C4 2 [u) ! .
Here we denoted A% = A, A¥, and let us remind that F},,, (no dependence on
T') is the usual Maxwell tensor. For the trace we have a simple result
G G F,AY

=—-—F, (A" = - — —F———.
Q/ 204/() 2041—0%142
Note that Q*A, = 0.

Substituting (4.28) into (4.27), we obtain the generalized “Maxwell equation”,
the nonlinearity of which is caused by space-time torsion induced by the vector
field spin [62]

1 47
— 04 (VGF*?()) = — J5, 4.29
o0 (VIF D) = 7 (429)
where the effective 4-current reads

G
af
s FP(T)Foy(T)A™.
This current satisfies the continuity relation ds(,/gJ”) = 0 by virtue of the field
equation (4.29). Making use of the torsion (4.28), we have the explicit form of

the generalized vector field strength

JP =

G AL F A
& Aptv]a
F,,(T) = F,, — 1_"7%142. (4.30)
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As we explained in Sec. 1.3., the system of the vector field equation (4.27),
(4.29) plus the gravitational equation (1.46) can be rewritten as the system of
the Einstein equation of GR and of the non-linear vector field equation described
by the total Lagrangian iR + LT with the effective Lagrangian

_ g iy 25 Fua PP AC Ay 29 VAL
16m | 1- 542 VI i\ 1- 442

The torsion was eliminated with the help of (4.28), so that R is the scalar
of the Riemannian curvature, and Fj,, = 9,4, — 0,4, is the usual Maxwell
tensor. The last term is a total divergence and it does not contribute to the
field equations. One can directly verify that the nonlinear vector field equation
(4.29) is obtained from the effective Lagrangian above by means of the variation
with respect to the vector field A, so that JP = —coLsft/ 0Ag.

When introducing the interaction of a massless vector field with the spacetime
torsion, the gauge invariance of the massless vector field theory (4.29) is vio-
lated?, which essentially changes the dynamical content of the theory. Indeed,
the usual Maxwell equations describe the massless spin-1 particle (photon) with
the two degrees of freedom. But now the vector field A, has 3 degrees of freedom
and thus cannot be interpreted as the electromagnetic field. Nevertheless, the
resulting nonlinear theory still does have the current conservation law, namely
(’“)5(\/@]'8 ) =0, i.e., the theory under consideration is partially gauge-invariant
in the sense of Glashow and Gell-Mann [64]. Partial gauge-invariant nature
of the vector field in the presence of the gravitation is well consistent with
the interaction hierarchy, where the weaker interaction violates the symmetries
typical for the stronger interaction. In the framework of such a hierarchy, the
requirement of the local gauge invariance, according to which each conservation
law corresponds to some gauge field, turns out to be valid only approximately,
when the weaker interactions are neglected.

Let us study the “electrostatic” solutions of the equation (4.29) in the Mink-
owski spacetime with g, = diag(—1,+1,+1,+1). Denoting the Cartesian co-
ordinates x* = {tmvi}, with ¢ = 1,2,3, we use the standard ansatz for the 4-
potential: A, = {go(xi)7 0,0, 0}. The generalized “electromagnetic” field strength
is defined in terms of the tensor F,s(I") = (E, B), which is a covariant (in terms
of the spacetime Uy) generalization of Maxwell’s tensor F,3. Then (4.29) re-
duces to the Gauss type equation [62]

eff __
LY =

V - E = 4mp, (4.31)
where from (4.30) we find

G

Vo
= FE FE
e g

S 1+ G2

p

2Something similar happened for the covariant generalization of spinor, neutrino (massless)
equations, when their conformal invariance was violated.
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The equation (4.31) for the function ¢ explicitly reads

G , G 9 _
(1—!—0*4@ )A —C—4<p(V<p) =0.

Although the resulting nonlinear equation looks quite nontrivial, remarkably
2
C

e

of Maxwell’” electrostatics Ay = 0.

It is straightforward to obtain a spherically symmetric solution of (4.31) for

o(z') = @(r), with r = ;2"
_ o (q@)
¢ = —=sinh .

there exists a substitution ¢ = sinh y, that yields a linear Laplace equation

VG 2r

Here ¢ is an integration constant with a dimension of a charge. This solution
obviously has a Coulomb asymptotic behaviour at infinity, for » — co. However,
the usual Coulomb singularity at r = 0 is absent?. As a result, the corresponding
“electric” field and the “charge” density are also regularized:

B \/asinh(q\/é) q>

c2r

q r
—— =, p= e
cosh(q\/é) rd 4mc? coshZ(%) rt

c2r

E =

The qualitative behaviour of the solution, see Fig. 4.1, is as follows*: Both
functions display the Coulomb asymptotics at infinity, whereas they both vanish
at the origin, E(0) = 0, p(0) = 0. The integral over the 3-space of the charge
density is finite and easily evaluated:

/d3wp= a0,
1%

so that we can indeed identify the integration constant ¢ with the total “charge”.
The nonsingular generalized “electric” field reaches its largest value at rg, . =
= 0.14x10~2* ¢, whereas the charge density is maximal at Tpas = 0.07 10724 ¢.
To make an estimate, for an elementary charge of an electron ¢ = 4.8 - 10~ °
(in Gaussian absolute electrostatic units), we find 7g, . = 0.7-1073% cm and
Tpmas = 0.35-1073* cm, respectively.

One can evaluate the energy of the regular “electromagnetic” field configu-
ration corresponding to this solution. It is straightforward to write down the
energy density for the spherically symmetric solution making use of the canon-
ical energy-momentum tensor:

1 1
—ton = — E? — —V(pE).
H = too 8 <PP+47T (pE)

3Note, that such form of the potential is obtained by Urbakh within proposed nonlinear
electrodynamics [55].

4Taking into account the static spherically symmetric gravitational metric field guv does
not essentially change the behaviour of E(r) and p(r) [62, 67].
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Figure 4.1: Behaviour of the static electric field strength (a) and distribution of
the charge density (b) (dotted line corresponds to Coulomb’s law).

Using the Gauss theorem we see that the last term does not contribute to the
total energy since both the potential ¢ and the “electrostatic” field E vanish
at the spatial infinity. The first term on the right-hand side is analogous to the
energy density of linear (Maxwell’s) electromagnetic field, whereas the second
may be interpreted as the energy density of the self-interaction due to the
nonlinear character of the resulting effective theory. The latter term is singular
at the origin and it makes a divergent contribution to the integrated total mass
f d32H. Subtracting this divergent self-interaction term, we find the total mass
of “electrostatic” field configuration:

w1 3.2 _ 4
mem—§—8ﬂ.c2/dlﬂE —ﬁ

For the electron charge, men, = \/a% = 1.86 x 10~ kg, which is close to the

mass of the classical Markov maximon [66] (with the fine structure constant
a ~ 1/137).

We conclude our discussion of the vector fields by a brief outline of the massive
case. The mass term in the Lagrangian does not change the Palatini equation,
and the effective nonlinear field equation of the massive vector field is obtained
similarly to (4.29) by eliminating the torsion using (1.49) and (4.28):

L
NG

Using the static ansatz A, = {cp(gci), 0,0, O}, and subsequently making a sub-

stitution ¢ = % sinh(n/2), we recast (4.32) into

9o (VIF*P(T)) —mi AP = 4%(]5. (4.32)

An =m? sinhn. 4.32a
n A n
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Then for the spherically symmetric solution we find n ~ w, i.e., the
solution asymptotically (with r — oo) approaches the Yukawa potential.
Another interesting class of exact solutions can be obtained for the ansatz
A, ={0,0,Az(z,t),0} [63]. Plugging this into the nonlinear equation (4.32),
and making a substitution Ay = j—% sin ¢, we derive the well-known sin-Gordon
equation
¢ —m%sing = 0,

where the 2-dimensional d’Alembert operator [1 = — C%g—; + 38—;. This is a
completely integrable system which admits soliton solutions.

Therefore, we established the geometrical nature of nonlinearity of sine-
Gordon in the same way that the geometrical nature of nonlinearity of spinor
fields of Ivanenko-Heisenberg was established.

4.2. Conformal invariance and spacetime torsion

In Sec. 1.3., when varying the Lagrangian Lgcp independently with respect to
the metric g,, and the linear connection FAW without imposing restrictions
on these dynamical variables, we obtained the semi-metric theory with the
connection (1.32) which is defined by the condition (1.31). This manifests a
close relation between the torsion vector ¢, and the nonmetricity vector K,
that appears in the Weyl theory [5]:

vaguu = Koeguu-

Weyl constructed his theory of gravity on the basis of conformal transformations
of the interval ds®. Weyl’s theory is invariant under the transformation of the
metric of the following form:

G — Gy = €* G- (4.33)

These are the so-called Weyl transformations, parametrized by an arbitrary
scalar function o = o(z#). Despite the mathematical elegance of this theory,
a quite serious objection was found that strongly depreciated Weyl’s gravity
model: the length standards and the clocks do not have an invariant meaning
in this theory, and in particular, they “depend on the history”. Having failed
to overcome this problem, the Weyl theory remained a beautiful geometrical
model without direct applications to physics.

However, taking into account the significance of the conformal symmetry in
physics, it is interesting to look for a possibility to include Weyl’s transforma-
tions (4.33) into a gravity theory.®

5This is once again demonstrated in another Dirac’s attempt to introduce the dilations by
assuming the existence of different types of standards [68].
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Here we outline a possible natural solution of the problem of the length stan-
dards by constructing the conformally invariant gravity theory of the Hilbert-
Einstein type in the Riemann-Cartan spacetime Uy, [69].

The tetrad formalism proves to be most useful for our purposes, and we take
the tetrad and the local Lorentz connection fields, hj; and I'%,, as the basic
independent dynamic variables. The crucial point is as follows: we postulate
that the conformal Weyl transformations (4.33) of the metric are induced by

R —s h/* = e“h?,
" " " } (4.34)

Fabu — F/abu = Fabu.

Under these transformations, the tetrad is scaled whereas the Lorentz connec-
tion remains invariant, hence the Riemann-Cartan curvature is not changed too:
Ry = R, However, the world connection is transformed in accordance
with (1.20) as

Fagﬂ — FIO‘@H = Pagﬂ + (5%(9#0. (4.35)

These are the famous Einstein’s A-transformations [70] which leave the cur-
vature (1.1) tensor R%g,, (I') (constructed from the world connection I'*g,,)
invariant. It is important that the Riemann-Cartan geometrical structure is pre-
served by these transformations. This is evident from the fact that the metricity
condition (1.8) is not violated:

Vozg,uv =0— V;g:w =0.
In accordance with (4.35), the torsion tensor (1.3) is transformed as
Qa,ul/ — Qla,uu = Qa,uu + 5&&/]0- (436)

A remarkable fact is that (4.36) affects the trace of torsion only

3
Qu—> Q)= Qu—50,0.

The rest of the irreducible parts of the torsion (1.13) are conformally invariant.

Now we will demonstrate that the group of local conformal transformations
introduced above (4.34) in the spacetime U, provides a natural basis for the
description of the scale symmetry of both matter and gravitation.

At first, we consider the massless fermion field described by the Dirac action
%fd‘*x\/ch with the Lagrangian (4.8) in which we put the rest mass equal
zero m = 0. The fermion action is explicitly invariant with respect to scale
transformations (4.34) provided the Dirac field is scaled in accordance with its
canonical dimension,

U U =00

Let us note that the extra terms proportional to d,0 occurring in the transfor-
mation (4.34) are mutually cancelled, so there is no need to introduce additional
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Weyl fields. It is worthwhile to note that such an intrinsic conformal invariance
is actually provided by the torsion. Indeed, the variation of (4.8) with respect to
W leads to the Dirac equation (4.13) in Uy (with m = 0): v* (D, — Q) ¥ = 0.
This equation is explicitly conformally invariant due to the fact that the torsion
trace @, acts as the Weyl field.

Now we will show the possibility to construct a conformally invariant theory
of gravity in Uy. Let us study the Hilbert-Einstein model with the action®

Scont = / d*z\/gp*R(T). (4.37)

To provide the conformal invariance, we introduced an additional field ¢ with
the scaling behaviour under (4.34)

p— ¢ =€,

in accordance with its canonical dimension. For the curvature scalar we obvi-
ously have R'(I') = e 27 R(I'), whereas /¢’ = €7 ,/g. The role of the scalar field
¢ is (as in the similar cases in the Riemann geometry) to introduce a natural
scale in the theory. Comparing (4.37) with the action (1.34) of the Einstein-
Cartan model, we notice that the scalar field square ¢? replaces 2%0 and thus
plays the role of a Brans-Dicke-type variable coupling function.

The field equations of the conformally invariant theory of gravity in Uy can
be obtained by variation of (4.37) either with respect to the metric and the
torsion g,,,,, Q* uv, or in the tetrad formalism with respect to the tetrad and the
local Lorentz connection hy, I'*y,. Both methods yield the same result. In the
absence of the matter, we obtain the field equations

G () =0, (4.38)
1
Q= ;6@8#]90. (4.39)

In addition, we have to vary the action with respect to the scalar field .
However, the corresponding field equation, R(I') = 0, is redundant in view of
(4.38). The equation (4.39) shows that the torsion is expressed in terms of its
trace @,,, for which the scalar field ¢ serves as a “potential”. Substituting (4.39)
into (4.38), we obtain

6
Gp,y = - 72 Tuy7 (440)
2
where o8 a5
1 o 1
Tul/ = H()an@ - 59;“/804%08 » — 6 (VMVV - g;u/D) 802
is the so-called “improved” energy-momentum tensor of Callan-Coleman-Jackiw
g £ 6

[71, 72] for the scalar field ¢. Here [J := V. V* is the covariant d’Alembertian

6The Lagrangian of such a theory may also include all possible terms quadratic in the cur-
vature R% g, (T)Ra®#¥(T), Ry (T)R* (T'), R%(T), etc., which are all conformally invariant.
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with respect to the Christoffel connection of the Riemannian space. The con-
traction of (4.40) yields the explicitly conformally invariant equation

%g&—%g):o. (4.41)

Thus, we once again observe how the torsion provides the intrinsic confor-
mal invariance of the gravitational theory. The “wrong” sign of the energy-
momentum tensor 7T}, of the scalar field in (4.40) manifests a non-physical
nature of ¢ which is actually the Goldstone type field [73, 74]. Using the con-
formal freedom, we can choose the gauge ¢ = const (which means the choice of
a certain length scale), and thus we arrive at the standard ECT.

Summarizing, we have demonstrated a natural way to introduce the Weyl
transformations (4.33) and to construct the conformally invariant theory of
gravity of the Hilbert-Einstein type in the Riemann-Cartan spacetime with
torsion. Distinctive features of such an approach are the postulate of the tetrad
scaling (4.34) as a source of conformal transformations (4.33) and the special
role of the torsion trace @, as an effective Weyl field.

One of the most important advantages is the absence of the problem of the
length scales, since D, 1., = 0 and, correspondingly, Vg, = 0 (which are both
explicitly conformally invariant relations). Consequently, length standards are
conserved and there is no need in Dirac’s propositions of the two types of clocks
[68], etc.

The analysis of the possible relation of the torsion with conformal transfor-
mations clarifies the source of the vacuum production process of scalar particles
described by the Klein-Gordon equation with the conformal coupling in the ho-
mogeneous and isotropic spacetimes (see Sec. 4.4.). Indeed, we find @, = 0 due
to the Palatini equation (4.16) which results in the violation of the conformal
invariance of the Dirac equation.

4.3. Pre-Friedman stage of Universe’s evolution
and spacetime torsion

In this section, we turn to the study of the cosmological effects of ECT.

The theory of an expanding Universe — the Friedman cosmology based on
Einstein’s equations (with the initial data) — is the most spectacular achieve-
ment of GR. Numerous important physical effects predicted on its basis were
verified experimentally [27], among them the relict microwave radiation, the
cosmological red shift, etc. However, the problem of an initial state of the Uni-
verse remains unsolved within this framework. The presence of singularities in
the general solution of Einstein’s equations [86] is one of the central problems
of the theory of gravitational interactions. One can expect that a further de-
velopment of the fundamental principles of Einstein’s GR, that would allow
to take into account the effects of the gravitational and matter fields which
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are insignificant under the normal conditions (quantum and/or microstructural
properties, e.g.), may provide possible ways to solve these problems [87].

In connection with this, one of the most important achievements of the
Einstein-Cartan theory is the prediction of the avoidance (for an appropriate
choice of the torsion tensor and of its spinning sources) of singularities in the
cosmological models of the Universe. Such an opportunity is opened up when
the torsion violates the Penrose-Hawking energy condition [86], which in the
ECT takes the following form [7, 88]:

Tl e > %ijf g, (4.42)
where t# is an arbitrary time-like vector.

Such a violation is not unexpected. The Einstein-Cartan theory, as we will
demonstrate in Chapters 5, 6, represents a special model of the gauge theory of
gravity for the Poincaré group Pio (a semidirect product of the Lorentz group
SO(1,3) times the translation group Ty). The non-compactness of the Lorentz
group results in the indefiniteness of the energy sign, which leads to a possibility
of violation of the condition (4.42).

It is important to note that in the regions occupied by the spinning mat-
ter, even in the case of chaotically oriented spins such that the mean value
(S*,.,,) = 0 vanishes, the macroscopic spin effects are different from zero. This
is due to the fact that in the equation (1.52) that has a microscopic mean-
ing before the averaging procedure, there are terms quadratic in spin. Let us
model the source of the gravitational field by the ideal spinning Weyssenhoff
fluid (see Sec. 4.1.), consisting of fermions with the particle density p, then
52 = 15,,5" = %zpz. Averaging yields (5?) = (35,,5") = h*(p?)/8, where
the mean particle density (p) is related to the energy density ¢ via e = Ay (p)!*+*
for the equation of state p = ke with 0 < k < 1, and Ay, is some constant de-
pending on the equation of state [120]. Then

(§%) = —— e, (4.43)

If (S) = 0, one can understand (S?) as a squared dispersion of spin density
distribution about the zero mean value,

((AS)*) = (((S) = 8)) = ((S)(S) — 25(S) + 5%) = (%)

The existence of a nonzero (S?) here is similar to the existence of a nonzero
average kinetic molecular energy (p?/2m) # 0, when the average momentum
vanishes, (p) = 0, for the classical gas in equilibrium.

Let us consider the homogeneous isotropic cosmological model with the metric

dr?

2 _ 2 742 2

+7r2d0?| , K =+1, 0, (4.44)
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with the Weyssenhoff spinning fluid as a matter source. The parameter IC = +1
(K = —1) corresponds to the closed (open) Universe, and K = 0 to the quasi-
Euclidean world [120]. Einstein’s equations (1.52) with the effective energy-
momentum tensor (4.7) reduce to

RYt) K 8nG 8@

EOR O (s > 52>, (4.45a)
2R(t)  R*(t) Kc? _ &G 817G
R e e ) e

The covariant conservation law of the effective energy-momentum tensor
Ty . = 0 yields

5 R
=3 —. 4.46
e+p R ( 2)
Therefore, for the case of the dust (p = 0), we have”
_ o 2 _ S3

where £ and Sy are the integration constants which describe the energy density

and the particle density of the matter in the Universe at the moment of time

when R = 1. When obtaining (4.46b), we took (4.43) into account.
Substituting (4.46a) into the Friedman equation (4.45a), we find

8rGey  64m2G2S3

R? = —K& -
o 3c2 R 3ct R4

(4.47)

As compared to GR, we have an additional term proportional to R~* which
arises due to the (I'-S)-interaction. It can be interpreted as a centrifugal po-
tential energy, and it is easy to see that this term leads to the absence of a
cosmological singularity. In particular, for the quasi-Euclidean Universe with
K = 0, the explicit solution of (4.47) reads

R(t) = €/R3 + 67Geot? /2, R = 0, (4.48)

min min

To make an estimate, if we assume that the Universe is filled with N ~ 108
nucleons (hence the total mass of matter ~ 10° kg), we find for the minimal
value of the cosmological scale factor Ry, =~ 10~28, The corresponding minimal
radius of the Universe ~ 1072 m, and the maximal density ~ 105" kg/m3 [97].
Another estimate can be obtained if we replace the nucleon as an elementary
unit of matter with a hypothetical “fundamental atom” — the Planckeon [121].
The latter is a black hole with the mass of mp ~ 10~® kg and the spin %h

7On the right-hand side of the equations, the averaged quantities are understood.
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Since the Compton wave length of particles A = i/mc cannot be greater than
the gravitational radius of a configuration, the Planckeon is a smallest possible
black hole [122]. Then, assuming that at an initial moment of time the Universe
(as the interior of a collapsing star) consisted of completely spin-polarized Fermi
fluid formed by 105 Planckeons (to keep the total mass ~ 10°% kg), we find for
the minimal radius of the Universe ~ 107° m.

Since the spin is a vector and thus it obviously defines a prefered direction
in space, thereby breaking the spatial isotropy, it is perhaps more realistic to
consider anisotropic spatially homogeneous models. Let us study the Bianchi I
model with the metric

ds* = — Pdt* 4 a®(t)(dz? + dy?) + b*(t)dz?,

where the two scale factors a = a(t) and b = b(t) describe a possible difference
of the cosmological dynamics along a prefered axis (z-coordinate) and in the
orthogonal plane.

The effective Einstein equations for this metric read

a2 _ab i b ab a a2 b ab
- 27 — eff ¥ Y - eff v . _Z_ZZ_o.
a? + ab e a b ab P a + a2 b ab

Introducing the new variables
R3 :=a?%b O_.:Q_é
’ ’ " a b

we recast this system into

RX(t)  8rG 871G o\ 1,
3R2(t) c2<€—c2s>+30,
C2R()  RYt) K 8rG b 871G o\ L L2
R(t)  R%(t) R2(t) c? 2 37
LR
o+ 3% ag = O

The last equation is easily integrated and yields the anisotropy expansion func-
tion (the difference of the Hubble functions):

= 5
The equation of motion of spin (4.5) is also straightforwardly integrated to give

S0 So

g

=~ B
Substituting all this into the Friedman equation, for the Weyssenhoff dust
(p = 0) as a source of gravitational field, we find a modified version of (4.47)

R2 - 871'G€0 o

 3¢2R R%¥
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where we introduced a combination of the integration constants

6472G2SE o
o=~ — o
3ct 9

The qualitative behaviour of a cosmological solution depends crucially on the
balance between the spin and anisotropy: in simple terms, on the value of the
constant pg. For pg = 0 one finds the usual singular Friedman solution for the
dust. For pg < 0, we also have a singular solution. However when pg > 0, the
solution does not have cosmological singularities [123]:

s/ 3cug n 67Geg 2 200 . 4nGept
a= exp | ——— arctan ——— | ,
87Geg c? P 9./Io 2/l

4] 3c%po | 67Geg , 409 47Gep't
b= \/SWGEO + =z t? X exp (— N arctan 02\/l70> .

Besides the elimination of singularities in the cosmological solutions, the spin
terms produce another interesting effect by stabilizing the matter distribution,
so that for the closed Universes (only in this case) there exist static solutions
of the Friedman equations (4.45). For the dust, such a Universe has the size
~ Ay of a Compton wave length of a fermion with the mass my, and the matter
density is about pe, = m3c!/Gh? (= 10°7 kg/m? for a nucleon), [125]. Such a
static solution

dr?
1—r2

ds? = — 2dt* + R? { - r2d92} (4.49)
coincides with the metric of Einstein’s Universe [120]. However, in contrast to
GR, here the matter density does not vanish, and the cosmological A-term is
absent.

The dynamics of the local small perturbations is an important issue in cos-
mology. Within the framework of GR, this problem was solved for the first
time by E.M. Lifshitz [124]. One can show that on the background of the static
solution (4.49), the density perturbation dc develops in the two exponential

modes
Cyexp <\/35wt> + Cyexp <— \ggwt)

where w = 27¢/ )\, and A is a perturbation wave length; C; and Cy are the inte-
gration constants. The development of the exponentially growing and decaying
modes is typical for any exact static solutions.

Another important type of perturbations is the occurrence of a global homo-
geneous isotropic motion of matter, that does not violate the spatial symmetry
of the model.

The static solution (4.49) obtained in the framework of the Einstein-Cartan
theory differs from the Einstein solution of GR with the A-term in that it turns
out to be stable with respect to this type of perturbations for the equation

3
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~

Figure 4.2: Cosmological scenario.

of state p = ke, with 0 < k < 1. Indeed, small perturbations JR satisfy the
equation

. 4
SR W (RSR=0,  w(k) = 0%

(=3k* + 2k + 1), (4.50)
where gy is the constant energy density of the solution, and w?(k) > 0 for
0<k<1

These properties allow one to view such a static solution as the initial and
the final stages of the observable non-stationary picture of the Universe [125].
In such a model, the evolution of the Universe consists of the following stages
(Fig. 4.2): the time interval tot; describes the initial static state, when small
perturbations are quickly damped; at the moment ¢} a large fluctuation occurs
which is sufficient to form for the Universe observed today; the interval t}to
covers the initial stage of expansion with the dominating torsion effects; the
next interval tot3 is a stage of the “standard” cosmology when the torsion ef-
fects are negligible and the solution is close to the Friedman one; finally, during
the interval tst the Universe returns back to the static state. If the energy of
the initial perturbation does not manage to be spent on dissipative phenom-
ena during the expansion and contraction phases, the Universe contracts to a
smaller size than the original one Ry and returns to the initial scale after several
oscillations (the branch I), otherwise the damping is smooth (the branch IT).
No matter how large the initial perturbation is, the expansion necessarily is
followed by a contraction (the closed Universe), and the contraction does not
reach a singularity due to the short-range spin term (~ S2) in the Friedman
equations.

The issue of a transition from the static stage (tgt1) to the dynamical one
(t)t2) is not completely clear in this model. In order to answer this question, we
consider in detail how the small homogeneous isotropic perturbations behave.
Up to now, we neglected the dissipative phenomena (i.e., the increase of the
entropy) and, as a result, we obtained the small harmonic oscillations (4.50) of
the scale factor around its equilibrium value Ry. However, it is easy to see that
the second law of thermodynamics forbids the exact repetition of the previous
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cycles. Moreover, the increase of the entropy s, ds/dt > 0 (both at the expansion
stage, and at the contraction stage) turns out to be a natural mechanism that
drives the initially static Universe into an observable strongly non-stationary
mode. Indeed, the condition that the scale factor reaches an extremal value
Rextr s given by the Friedman equation (4.45a):

3K
Rgxtr {5 (chtra 8) - 52(chtr)} = SiTG . (451)

Evaluating the logarithmic derivative of (4.51), after some calculations, we find

ds 3c2 )R (ngx)‘ Os’ 0s . .

The equation (4.52) demonstrates that the maximum of the scale factor Ryax
in the repeating cycles increases due to the irreversible phenomena such as
friction (for example, the viscosity of matter). This ultimately results in the
natural transition from the static pre-Friedman stage (tot;) to the dynamical
Friedman stage (t}t2).

Summarizing the analysis of the influence of spin on the cosmological evo-
lution of the Universe in the framework of the Einstein-Cartan theory, we can
make the following conclusion.

Already the simplest model of a spinning matter in the form of the Weyssen-
hoff fluid demonstrates that the torsion brings in a new essential bit to the
understanding of the spacetime structure of the initial state of the Universe.
However, as was noted above, the Weyssenhoff fluid represents a quasi-classical
limit of a real quantum matter with spin. Thus, the consistent analysis of cos-
mology in the Einstein-Cartan model should be performed also for the Dirac
spinor matter. Although the classical spinor fields do not eliminate® singu-
larities [126], the quantum treatment of spinors [127] essentially confirms the
correctness of the results obtained for the Weyssenhoff fluid.

4.4. Production of scalar particles by cosmological
torsion field

One of the most important issues of the modern relativistic astrophysics is
the problem of the gravitational collapse, i.e., the study of the evolution of
massive gravitational systems (both, isolated objects and the Universe on the
whole) when all the internal resources of energy are exhausted. The analysis of
such a process in the classical approximation is based on Einstein’s equations
(the classical gravitation and the classical matter). The classical picture of the

8Due to space-like nature of the pseudovector of the spin, (@7”75‘11)2 > 0.
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gravitational collapse is based of these equations, for which all the key evolution
scenarios are established and classified: the equilibrium configurations, the cases
when the contraction stops under the gravitational radius, and actually the
case of a collapse when the matter is uncontrollably contracting under the
influence of gravitational forces. During the contraction, the matter can become
extremely dense (reaching the nuclear density 1017 kg/m? and greater). Strictly
speaking, at this stage it is necessary to use the Einstein equation with the
source on the right-hand described by the averaged energy-momentum tensor
of the quantum matter®. At the final stages of the gravitational collapse at the
density greater than 10%° kg/m3 and the distance smaller than 1073 m, it is
necessary to replace the classical equations by their quantum counterparts.

However, due to the great complexity of the problem of construction of the
full quantum version of Einstein’s equations (see Chapter 7), it is reasonable to
consider the semi-consistent problem as a first approximation, when the gravity
is treated classically and the matter - quantum-mechanically. The expediency
of such approximation is obvious since already in this picture one can expect
new features in the evolution of the gravitating configurations as compared to
existing processes at a classical level.

The external classical non-stationary gravitational field may lead to the in-
stability of vacuum of the quantized physical fields, i.e., to the production of
the respective particles. As we show here, the torsion (within the framework of
ECT) brings the new features to the particle generation process.

The classical dynamics of a massless scalar field ¢ will be described by the
Klein-Gordon equation with the conformal coupling (4.41), with the Riemann-
Cartan scalar curvature R(T") in place of R. The action for the scalar field has
the following form:

1 I R(T
S = E/d4az gLy,, L,=— 50 (g“”@mpayw + é)<p2> . (4.53)
We rewrite the metric (4.44) of the quasi-Euclidean (with £ = 0) homoge-
neous isotropic Universe as

ds? = a*(— dn? + vipda'da®), (4.54)

introducing the conformal time cdt/R(t) = dn and denoting the new scale factor
a(n) = R(t(n)). The three-dimensional Euclidean metric 7, is not necessarily
written in Cartesian coordinates. Furthermore, we assume that the evolution of
the Universe is described by the cosmological solution (4.48).

We model the source of the external torsion field as a massless fermionic fluid
described by the Dirac equation (4.18) (with myg = 0) with the spin directed

9The averaged energy-momentum tensor of matter is usually understood as the result of the
quantum averaging over the pure states, for example, over the space of occupation numbers.
But because of the fact that the system during the evolution can come to a thermodynamic
equilibrium, it seems to be necessary to make also a statistical averaging over the equilibrium
distribution [75] (see Sec. 7.2.).
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along the axis z. The torsion is then represented by the pseudotrace that has
the form Q# = (0,0,0,Q), where Q = /fc%p and p is the particle density of
fermions. The conservation law of the number of particles in the metric (4.54)
yields Qa? = glicpo with the integration constant py that gives the fermion
particle density at the moment when a = 1.

Introducing a new variable for the scalar field x = ap, we get the Lagrange
function

—/d?’x\f X + xAx — QO 2}. (4.55)

Here the dot denotes the derivative with respect to the conformal time 7, the
3-metric v;;, determines the integration measure /7 = (det7;;)'/? and the

U0
covariant Laplacian A = 4*V;V}, and Qo = nc%po is the parameter with the

dimension of 1/length which is proportional to the particle density of fermions
that create the spacetime torsion.
Let us decompose the redefined scalar field

x,1) =Y xn(1)Zn(x) (4.56)

with respect to the complete orthonormal system of eigenfunctions Z,,(x)

AZ,(x) = —w? Z,(x),

/d?’xﬁ 70 (X) Z (X) = s

of the 3-dimensional Laplace operator, where the collective index n labels the
whole set of eigenvalues w2. For the quasi-Euclidean model, the spectrum of
the Laplacian is continuous, so the sum over the eigenmodes should be actually
understood as an integral with an appropriate choice of the measure.
Substituting (4.56) and using (4.57), we rewrite the Lagrange function (4.55)
in terms of an infinite set of discrete degrees of freedom of the scalar field x,,(n):

he . Q3
L= > ¢ -uld - 20d)

The corresponding equation of motion

(4.57)

Xn(n) + 2 ()xn(n) =0, Q?(n) = w® + 2 (4.58)

represents a discrete non-Riemannian version of (4.41).
Introducing as usual the canonical momenta'®, p,, = 9L, /d(cxn) = hx, we
construct the Hamilton function

H, anCXn —L,= h; > {(pn/ﬁ) +wixs + gfxi}

Tn Xy, = dxn/dn the variable n has the dimension of length, so we need a factor c to
obtain the velocity cxn with the correct dimension.
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The same Hamiltonian can be alternatively derived from the metrical energy-
momentum tensor [71, 72]

1 1 00 0
Tuw=he {a,“pay@ = 5 99 DapDp + 2 (Guwf — VoV + g <P2)
S 1 .
+ QMQVQOQ - 29/11/.9%6@(1@5902} : (459)

The Hamilton function is then recovered as the integral

H, =a* / d*x /7 Too- (4.60)

The scalar field is quantized in a standard way by treating x,(n) and the
canonically conjugated momenta p,(n) as operators satisfying the equal-time
commutation relations

X (M) Xn(M] =0, [pm();pn(M] =0,  [Xn (), pm(n)] = iAdpm.  (4.61)

To introduce the particle interpretation, we decompose the operator x,(n) into
the two complex-conjugate solutions (u,,u’) of the equations (4.58):

Xn (1) = anun(n) + GZUZ (1) (4.62)

*

The basis functions (u,,u),

conditions

) are chosen so that they satisfy the normalization

Untly — Upy, = 1. (4.63)

*

The creation a,* and annihilation a,, operators satisfy

[anyam] =0, [an*7am*] =0, [an7 am*] = Opm-

These standard commutation relations follow from (4.61)-(4.63).
A detailed analysis of the particle interpretation of the system can be found
in [61]. Inserting (4.62) into the Hamilton function, we find

hc « . w %
H, = 5 ZQ"(n) {En(anan” + an*an) + Fo(an)® + F,"(a,*)?},  (4.64)

where we denoted the dimensionless functions
2 (tn)?
Qn(n)

[t
Qn(n)
Note that (E,)? — |F,|?> = 1 in view of (4.63).

We choose the initial conditions {uy,, w, iy, 4}, }|=n, at an arbitrary moment

of time 1 = 1 so that to satisfy (4.63) and to make the Hamilton function (4.64)
diagonal by setting E, (n9) = 1 and F,(n) = 0:

= un” S U = —u = M

En(n) = + Qulual®,  Fuln) = + Q) (un)?. (4.65)
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The operators a,, and a,* are the creation and annihilation operators of scalar
particles at the initial moment 79. This interpretation is also preserved for
any 7 if ,, is constant, then the Hamiltonian remains diagonal at all times.
However, for the time-dependent 2, (n) the Hamilton function (4.64) ceases to
be diagonal in terms of a, and a,* at any time 7 > 79. This means that the
physical vacuum is unstable and hence the notion of a particle is not constant
but depends on time, which is manifest in the production of scalar particles.

In GR this effect is absent in the conformally-flat space-time (4.54) for the
model under consideration due to the conformal invariance of the scalar field
theory. In the ECT, the particle creation effect is nontrivial which is explained
by the fact that the fermion torsion sources violate the conformal invariance of
the field ¢, as we noted in Sec. 4.2..

Thus, at an initial time 1 = 79, we have the particle interpretation of ¢. The
field energy in nm-mode is ¢, = %ﬁc Qn(no) (anan™ + an*ay). In order to find
the particle interpretation for an arbitrary time, we use the diagonalization
method of the Hamilton function (4.64). In accordance with this method, it
is necessary to introduce the new (time-dependent) creation and annihilation
operators A,"(n) and A, (n) by

an = ay(MAn() +Bu(MAn (),  an” = an(n)An"(n) + B, (1) An(n), (4.66a)

where the coefficients «,,(n) and (,(n) satisfy the conditions

oM = 1Ba)? =1, FuBn=(1—-En)om. (4.66b)

In terms of these operators, the Hamilton function (4.64) has diagonal form
he " .
Hy = 5 > () {A40" () An (1) + An(m) 40" (n)}

At any given time, the field particles are determined by the time-dependent
creation A,"(n) and annihilation A, (n) operators. By construction, we have
an(no) = 1,68n(n0) = 0 and hence the operators coincide A, () = a,, and
An"(no) = an™ at the initial moment of time 7.

The instantaneous physical vacuum |0,,) is defined as the quantum state that
satisfies A,,(n)]|0,) = 0. For an arbitrary operator ® we introduce the normal
ordering

Nip(@) = @ — (0,|2]0y).

This obviously depends on time: one subtracts the vacuum average with respect
to the instantaneous vacuum, thus removing the (usually diverging) contribu-
tion of the vacuum excitations a 7. In order to find the physical effects due to
the particle production, one needs to compute vacuum averages with respect to
the initial vacuum:

<0no |Nn(<1>)|0770> = <0770|(I)|0770> - <0n@|0n>~
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Particularly important are the operators of number of particles 4,,*(n) A, (n)
(in the n-th mode) and the operators of the energy-momentum 7T;*(z). The

latter is given explicitly in (4.59). Direct computation of the vacuum averages
of the normal ordered operators yields:

1(n) = (0o [N (An (1) A0 (1))10g0) = D 18l

(1) =~ O ALT00n) = 1 3 Q)P

Pa() = (00u V(T )10n,) = 5 (E(n) ~ 7)) 467
Pa(n) = (0nu N (T)]0n,) = 5 {E(n) ~ 7))
Py(1) = (Onu N (T5)10n) = 5 (En) + 29}

where

heQ3 9 1
700 = 55y bl = 5

One can verify that for the off-diagonal components of the energy-momentum
tensor, the vacuum averages vanish, (0,, |\, (T3%)[0,,) = 0 with i # k. The total
number of particles n(n) created from vacuum by the torsion field, as well as
the energy density £(n) and the anisotropic pressure Py(n), Pa(n), Ps(n) of the
created matter are determined by the solutions w, (n) of the evolution equation
(4.58). From (4.67), one can obtain the equation of state for the created matter

E=P1+ P2+ Ps.

Tt is impossible to solve the oscillator equation (4.58) exactly for the time-
dependent frequency €, (n) with an arbitrary cosmological evolution a = a(n).
So, in order to obtain numerical estimates for (n,&,P;), one needs a pertur-
bation scheme to construct approximate solutions of the equation (4.58) with
the given initial conditions. As a first step, we recast the differential equation
(4.58) into the equivalent integral equation of Volterra type:

B e~ 2 (10)(n—=no) nd o AO?
u"(n)_T(vy())+ . £G(n = &) AQ™(&) un(8),

where AQ?(n) = @*(no) — Q*(n) = Q3 {1/a*(no) — 1/a*(n)}, and G(n — &) is

the Green function that satisfies

G(n—8&) + 2> (m)Gn—&) = 8(n—9).
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The resulting integral equation is then solved iteratively, and the solution reads

un (1) = ua V() +ul () + -+ ul™ () + .
—iQn(n0)(n—n0)
un O () = QQW (4.68)
n\70 :

™) = [ " de G - ) AQA(E) u ™V (¢).

n

We take G(n —¢) = M as the explicit form of the Green function.

We choose the initial time 79 as the moment when the scale factor a(n) takes
the minimal value a(n9) = a@min = Rmin (see Sec. 4.3.). Limiting ourselves to
the first two terms in (4.68), from (4.67), (4.68) we can obtain the numerical
estimates for the particle number, the energy and the pressure of the created
matter. In the lowest order we find

() — Qn(m0))?
”(7”*; mn< > i)
hc n(1) = Qn(m0))”
B ~ 20, (o) 7 (4.69)
ﬁCQo Qn (1) — (o)
B Z 2Q n(77 Qn 770) )

n

The details of the computations can be found in [78]. Evaluation of the sums in
(4.69) (more exactly, of the integrals) is a nontrivial task. Here we summarize
the qualitative results.

1. The maximal number of created particles corresponds to the scale factor
ao ~ V2amin and the density of created particles is equal to ~ Q3 /a2 ; , that is
directly related to the density of fermions generating the spacetime torsion.

2. At the large distances (far from the Planck region a > ag), the intensity
of the scalar particle production by the torsion field drops. Conversely, due to
the high power of the inverse scale factor in the expressions for n (n),&(n), at
the small distances the process of scalar particle production by the torsion field
dominates over the similar processes of the matter particle production in GR.

3. The account of the back reaction of the created particles on the classical
evolution of the isotropic Universe should lead to its anisotropization in the early
epochs due to an extra contribution «(n) making the pressure anisotropic. The
estimate of the maximal anisotropization degree yields the times close to ag. At
the large distances (late epochs with a — o0), v(n) quickly decreases to zero.
As a result, during Universe’s evolution, the isotropy is recovered.
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Kinematics of gauge theories of gravity

5.1. Special aspects of gauge approach in gravitation

Mathematical beauty of the classical GR as a dynamical theory of a three-
dimensional spatial geometry, as well as its agreement with the present-day ex-
perimental data in cosmology, astrophysics and planetary astronomy, allow one
to view GR as a fair description of the macroscopic gravitational phenomena.
However, the existence of essential difficulties in it (such as the quantization
problem [92] and the singularity problem [86]) at small distances apparently
manifests its limited validity in the microworld.

Recently numerous attempts were made to formulate the microscopic gravity
theory within the framework of a consistent gauge-theoretic approach. This was
essentially motivated by the successful construction of renormalizable unified
gauge models of the weak and electromagnetic, as well as of the strong interac-
tions. On the other hand, construction of the microscopic gravity theory appears
to be a necessary step to establish the geometrical structure of supergravity [93]
as the theory of the local supersymmetry.

The gravity theory, understood in a broad sense as the geometrodynamics® of
the spacetime, is much richer and more complex in the differential-geometrical
aspects than the gauge theories of internal symmetries. As a result, there exists
a variety of approaches and interpretations of the gravitational field as a gauge
one, and there is no clear understanding of the answer to the key question: is
gravity a gauge theory and in which sense? This question includes the three

IThat is the dynamics of the geometrical structure of spacetime.
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aspects [97]: 1) What is the gauge group of the theory; what is the role of
the general coordinate transformations? 2) What are the relevant gauge fields;
what is their relation with the geometrical objects on the spacetime manifold;
in particular, what is the status of the metric? 3) What is theory’s dynamics;
is it determined by the requirements of the gauge invariance?

In view of these issues, it is reasonable to consider in detail the difficulties
arising in the development of a consistent gauge approach to the gravity theory.

To begin with, we have to clarify the terminology, because different re-
searchers understand the meaning of expressions “gauge field” and “gauge the-
ory” in different ways. We define the gauge theory as a physical theory in which
the fundamental dynamical variable —the gauge field— is a connection on a prin-
cipal bundle. Among such theories, we distinguish the consistent models that
do not contain any additional postulates of the non-gauge type from the in-
consistent theories containing such assumptions?. Besides that, certain theories
that are not covered by this definition, still have some features of the gauge the-
ories, such as the presence of arbitrary functions in the description of the fields
and the existence of constraints; we call them pseudo-gauge theories. There are
many examples: the theory of massless fields of arbitrary spin; generally covari-
ant models of material fields in a curved space; the simple supergravity [93];
the general relativity theory [35]. Quantization of the gauge and pseudo-gauge
theories takes into account their common feature of the invariance with respect
to an infinite group of local transformations, and this similarity brings in a
terminological confusion, which results in the unfortunate statements, such as
“GR is the gauge theory of the group of general coordinate transformations”.

The issue of finding the gauge group for the gravity theory is one of the most
complicated ones, since the gravity is related to spacetime symmetries, in con-
trast to the gauge fields of “internal” symmetries. However, being well-defined
as global symmetries in the flat Minkowski space, the “localized” spacetime
symmetries become general coordinate transformations, losing their original fea-
tures. Moreover, there is a difficulty of interpretation of the “local” translations
which are usually identified with the infinitesimal general coordinate transfor-
mations [12, 13]. The corresponding “gauge fields” —the tetrads— do not have a
standard (Yang-Mills) transformation law, since they are not connections.

As it is clear now, all these and related inconsistencies arise from the confu-
sion of the gauge structure with the coordinate invariance. However, they should
be carefully distinguished, because the group of general coordinate transforma-
tions does not have a direct relation to the gauge theory of gravity [96]. If
one views the general coordinate transformations simply as the maps between
charts covering the spacetime manifold, they obviously do not carry any dynam-
ical meaning. The invariance with respect to such passive transformations is a
common property of all covariant physical theories, not only of gravity. More-

2An example of the latter is an ad hoc postulate of the non-dynamical vanishing of the
torsion of a linear connection (see below).
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over, using modern coordinate-free methods for the description of the physical
systems (the exterior calculus), one can provide the general covariance without
any appeal to the gravity theory. There is also another point of view on general
coordinate transformations as the group of local diffeomorphisms of the space-
time manifold. These are active transformations due to the motion of spacetime
points. But also in this case, the study of the invariance properties of physical
systems is not related to gravity since the corresponding mathematical formal-
ism of the Lie derivatives along vector fields, defined by diffeomorphisms, does
not demand the existence of a geometrical structure on the manifold.

Below we show that it more natural to describe the action of the spacetime
symmetries not on the base —the spacetime itself— but rather in bundle of affine
or linear frames over it. Then the gravitational field turns out to be a connection
in this principal fiber bundle. There is a natural homomorphism from the bun-
dle of frames to the tangent bundle, using which the gauge gravitational field
induces geometrical structures on the spacetime: the connection and the metric.
The issue of the status of the metric in this approach has an unexpected dual
solution. Namely, the metric structure is explained with the help of a sponta-
neous symmetry breaking mechanism when the reduction of the inhomogeneous
general affine group GA(4, R) to linear group GL(4, R) allows to interpret the
tetrad field as a nonlinear realization of the connection, and on the other hand,
the reduction of GL(4, R) to the Lorentz group adds a Goldstone contribution
to the metric. Roughly speaking, the metric turns out to be some hybrid of
the two popular interpretations — the translational gauge field (in the nonlinear
realization) and the Goldstone field taking values in the homogeneous space
GL(4,R)/SO(3,1).

In the consistent gauge approach to the gravity theory, the largest difficulties
arise when constructing its dynamics. This is explained by an essentially non
unique definition of an action by the gauge invariance. In chapter 6, we will
consider some models, for which the study of the physical properties can lead
to the final establishment of the structure of the gauge gravity theory.

5.2. Bundle of frames and generalized affine
connection

We construct the consistent gauge scheme for the gravitational field using the
mathematical theory of the generalized affine and linear connections in the
bundles of frames over the spacetime M,. We understand the latter as the four-
dimensional smooth (C'*°) manifold. When discussing the geometrical aspects
of the bundle spaces, we use the local coordinates writing the basic objects in
components and defining their transformation laws. Certainly, we then lose the
advantages of coordinate-free methods that make a stress on the global invari-
ant meaning of various operations, however, the component formalism is more
familiar to physicists. A brief summary of the basic mathematical definitions
(manifold, forms, bundles, connection, etc.) is given in Appendix Al.
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Bundle of linear frames

A linear frame at the point x € My is the basis {e,} = {eo,e1,ea,e3} of the
tangent space T, M. The set of frames G, at this point is isomorphic to the
general linear group GL(4, R), since any frame is obtained by a linear trans-
formation from the standard basis E, = {E; = (1,0,0,0),E> = (0,1,0,0),
E3 = (0,0,1,0),E4 = (0,0,0,1) } in R* 2 T, M: e, = L, E, with the 4 x 4

matrix L € GL(4,R). The union |J G, = L(M), provided with a smooth
x€EMy

structure, is a (4 + 4%)-dimensional manifold, where the natural projection
7w : L(M) — M maps the linear frame e, at the point  to x. The manifold
L(M) is called the bundle of linear frames. This is the principal bundle with
the structural group GL(4, R); the right action GL(4, R) on L(M) is evident:
ea € Gy = €'y = e, L%, € G, for L € GL(4, R). The tangent bundle T'(M) may
be viewed as an associated with L(M) bundle with the standard fiber R?.

The connection in L(M) is called the linear connection in My. It introduces
the parallel transport in L(M) and induces the parallel transport of the tangent
vectors in the associated T'(M) and defines the covariant differentiation of the
vector fields. Choosing the local coordinates {z#} on My and a cross-section
o M — L(M), we find the 1-form on the base o*w = wbauEabdx“ which is
uniquely determined by the linear connection form w on L(M) with the values in
the Lie algebra gl(4, R). Here E%, is the natural basis of the Lie algebra gl(4, R),
i.e., the 4 x 4 matrix with elements at the intersection of a-th column and b-th
line equal to 1, and with the remaining elements equal zero. The coefficients
wPq, of this form are called the coefficients of the local linear connection. They
define the coordinate notation of the covariant derivative of the tangent vector
V0 = 0,v* + wabuvb, where the vector v = v%e, is decomposed with respect
to the basis e, (x) that is defined by the cross-section o. When the cross-section
is changed, 0 — o/, the connection coefficients are transformed as follows:

(/.)u'b‘u — w’abu = Lacwcd#L_ldb + Laca#L_lcb, (51)
where the matrix of the linear transformation is determined from
ed () = ey(z) L0y (2).

In the bundle of linear frames L(M), one can introduce (absolutely indepen-
dently from the connection) another basic object — the canonical 1-form 6. This
R*-valued form is defined on L(M) by the equation

dr(X) = 0°(X)ea, (5.2)

where X € T,,(L(M)),u = (z,e,). The canonical 1-form is horizontal, i.e., it
vanishes on vertical (tangent to the fiber) vectors

604(X)=0 = dm(X) =0.
This property is obvious. In addition,  is equivariant, i.e., for any L € GL(4, R)
R0 =0%0dRy = L™1%,0°.
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Indeed, let u = (z,e,) € L(M), and dr (X) = 0%(X)e,. Then the right action
Rru = (x,e,L%), and its differential dRp(X) € Tr,,L(M), as a result,

(R30") eq = dr(dRX) = dn(X) = (0(X)L71¢,) (Lb.ep).

In the local notation, the canonical form determines the coframe 1-form h? :
T.(M) — R, i.e., the basis of the cotangent space T*M dual to e,. If the
cross-section is chosen o: M — L(M) [i.e. the field of frames e,(z)], then we
have h* (z) = (6*0) (x), where h® (ep) = 0y

With the connection w and the canonical form 6 defined on the bundle of
linear frames, one can introduce a parallelization of L(M). Namely, one can:
1) map each element of the Lie algebra gl(4, R) to a fundamental® vertical vector
field; in particular, map the basis of the Lie algebra gi(4, R): E%, — E*%, so
that w (E*%) = E%, and 2) map each vector from R* to a standard horizontal
vector field, in particular map the basis E, — E,*, so that 0 (E,*) = E,. Then
4 + 42 vector fields E,*, E*?, constitute at each point u € L(M) the basis of
the tangent space T, (L (M)).

The linear connection in L (M) is characterized by the curvature and the
torsion. Let us define the curvature 2-form R of the linear connection w as
covariant exterior differential

R = Dw = dw(h). (5.3)

The torsion 2-form @ of the linear connection w is defined as the covariant
exterior differential of the canonical form 6:

Q = DO = df(h). (5.4)

The 2-forms R and @ satisfy the structure equations
@ = dh* 4+ w A6,

@ b (5.5)
R = dw®p + w AW,

where we made the expansion with respect to the natural bases in R* and
gl(4,R): Q = Q°E,, 0 = 0°E,, R = R%E",.

Introducing the local coordinates z* on the manifold M,, we naturally define
the corresponding cross-section in L(M) by attaching the coordinate basis {0, }
at & € My. Then the local coordinates in L(M) are (z*, h#), where e, = h%0,,
and it is obvious that det hf # 0. Determining the inverse matrix hj, so that
hihy = d;, we obtain from the definitions (5.2)-(5.4) the local expressions for
the canonical 1-form

6 = he da (5.6)

3For definitions, see Appendix A3 and references therein.
4In (5.3) and (5.4), h denotes the projection to the horizontal subspace of TL(M).
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and for the connection 1-form
w® = h& T%g, by da” + h&dh). (5.7)

Then using the structure equations (5.5), we arrive at the ordinary tensor ex-
pressions for the torsion (1.3) and the curvature (1.1), constructed from the
components of the linear connection I'“g,,.

Bundle of affine frames

The tangent space T, (M) = R* may be considered as the affine space A*. In
this case, we call it the tangent affine space and denote A, (M). Its basis, which
is called the affine frame, includes the point z € A, (M) and linear frame e,.
The set of affine frames at the point z € M, is isomorphic to general affine
group GA(4, R), since an arbitrary affine frame (z,e,) is obtained using the
affine transformation A € GA(4, R) from the natural frame (0, E,) in A*. The
set of all affine frames on M is called the bundle of affine frames A(M). The
projection 7 : A(M) — M maps a frame at the point = to this point = € Mjy.
The bundle A(M) is the principal bundle over M with the structural group
GA(4, R) with an obvious definition of the group action.

A natural realization of affine transformations in A, (M) is obtained, if we
view the affine space A* as a hypersurface in R® with a fixed fifth coordinate.

z
Then an arbitrary element of A4 is represented as a column ( > , and the action

1
of the affine group GA(4, R) in the affine space A* is described by the 5 x 5
L b
matrix of the form g = , where L € GL(4,R) and b € R*:
0 1

()= 66 00-()
_) frnd — .
1 1 0 1/\1 1

The bundle of affine frames A(M) and the bundle of linear frames L (M) are
closely related to each other and to the associated tangent bundles. In partic-
ular, the affine tangent bundle represents an important example of a soldered
bundle, the properties of which are reviewed below.

We say that the bundle E(M, F, G, P) associated with the principal bundle
P(M, Q) is soldered to the base M, if [3]:

1) the fiber F' of the bundle G is a homogeneous factor-space F' = G/H,
where H C G is a stationary subgroup (or stabilizer), and the dimension of F'
is equal to dimension of the base M;

2) there is a global cross-section o : M — E, and there is a natural isomor-
phism between the tangent bundle T'(M) and the space of all vectors tangent
to the fibers F' at the points of the cross-section o(M). In other words, the
“soldering” of the bundle F to the base M means that the fibers F' are tangent
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to the manifold M (in the sense of coincidence of the tangent spaces) at the
soldering point set by the cross-section ¢. Furthermore, the bundle T(M ) of the
tangent spaces T,y F may be considered as a vector bundle associated with
the principal bundle P(M, H), obtained as a submanifold in P(M,G) when
homeomorphisms F' — F, are such that the “center” of F is mapped into
o (M) — the soldering point.

Let us consider the most important case when the fiber F' of the soldered
bundle F is a weakly reductive homogeneous space. This means that the Lie al-
gebra G of the structural group G is decomposed into the sum of the subalgebra
H (corresponding to the subgroup H) and the vector space V

G=HaV (5.8)

so that [H, H] C H, [H, V] C V, where [ , ] is the commutator in the Lie
algebra. The tangent space T, () F may be identified with V.
A V-valued 1-form 6 on the principal bundle P(M ,H) is called a soldering
form if it satisfies the following conditions:_
1) (X) = 0 <= d7(X) = 0, where X € TP, i.e., it vanishes on vertical
vectors; o ~
2) under the right action R};6 = 0 o dRy, = h='6h, where h € H.
One can show [3] that the existence of the soldering 1-form 0 is necessary and
sufficient condition for the bundle E to be soldered to M.
Now we consider in details the relation of the bundles of affine and linear
frames. It is obvious that L(M) may be realized as a natural subbundle A(M).
The corresponding embedding v : L(M) — A(M) is defined by the map

0 AM) — R, (5.9)
such that

* b AD
Ry -1 0p" = A%p” + b, g= € GA(4,R).

0 1
Then the subbundle L(M) is determined as a kernel
L(M) = {u € A(M)|p(u) = 0}.

The canonical projection §: A(M) — L(M) can be defined as

B(u) = Rau o (1), <1><u>—<(1) “”(1“>>, ue A(M),

where 1 is the unit in GL(4, R). It is obvious that 3 oy = idp(s). In local
coordinates, the embedding of L (M) into A(M) maps the linear frame (z, e,)
to the affine frame (z, O,, e,), where O, is the origin of the affine tangent
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space A;. Conversely, the projection 5 : (x, z, e,) — (z, e,). Using the above-
mentioned realization of the general affine transformations, and consequently,
of the affine frames as a 5 x 5 matrix of the following form:

L =z 4
U= , LeGL(4,R), z € R",
0 1
we get explicitly the mapping ¢: A(M) — R*. For (x,u) € A,, it is defined as
o(u)=—L 1z

o A b A"t —A" o
The matrix inverse to g = reads ¢~ = , and it is
0 1 0 1

easy to show that under the right group action

R , L z\[A™! —A' LA™Y —LA 'b+2
11U = ug = =
! o 1/\ o 1 0 1

we have the correct transformation property
R op(u) = p(Rg-1u) = —(LA™") "' (z — LA™ 'b)
= —AL'2 4+ b= Ap(u) + .
Defined as the kernel p(u) = 0, the subbundle L (M) is formed by the set of

L 0
matrices ( ) € GL(4, R), which is indeed the bundle of linear frames. The
0 1

canonical projection is also quite transparent in the matrix representation:

ﬂ(u):Ré(u)ou:<L z) (1 tp(u)>

o 1/J\o 1
B (L Lap(u)—l—z)_(L 0>
o 1 “\o 1)’

The connection in the bundle of affine frames A(M) is called a generalized
affine connection in My. The generalized connection 1-form on A(M) is denoted
as Q. Using the above-mentioned reduction of A(M) to L(M), one can reduce
the study of the generalized affine connection to the investigation of the linear
connection and some R*-valued 1-form on the bundle of linear frames L(M).

Since the connection 1-form in the principal bundle is uniquely restored in
terms of the set of the local forms on the base (satisfying certain compatibility
condition in the intersections of local maps) [3], we will consider everything
in the local coordinates. Given a cross-section o: M — A(M), we define the
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field of affine frames u(z) =
0 1

connection 1-form 2 induces the form Q, = ¢*Q on the base space. Since the
Lie algebra of the general affine group is decomposed into the (semidirect) sum

ga(4, R) = gl(4, R) + R*,

the local connection form €2, also can be decomposed into the sum Q, = w+@.
It is more convenient to use the matrix representation for the Lie algebra

L
( () z(x)) on My, and the generalized affine

a

b
ga(4,R) = ( >7 acgl(4,R), beR*

0 0

and write the local connection form as the 5 x 5 matrix

0, = <°~” @>. (5.10)
0 0

Now we will show that this generalized affine connection determines the linear
connection and some tensor form in M,. For that purpose, we consider the
transformation of the connection (5.10) under the change of the cross-section
o — ¢'. Then we have

u'(z) = Ry(zyu(z) = u(x) (A(x) b(x))

0 1

and Q, = gQyg~ ! + gdg~*'. Explicitly,

I (v [ ST W Z

(A&Al + AdA™Y A —db— (ADA' + AdAl)b>

VR

o &

o B

N—————
Il

0 0

Upon restriction on L(M), the form @ is a 1-form of linear connection on
My, v*& = w, with the correct transformation law (5.1). The 1-form ¢ is not a
tensor form, because under translations (b # 0), it transforms inhomogeneously.
However, due to the reduction of A(M) to L(M), one can define with its help
a tensor form. For this purpose, we pull back the O-form ¢, that introduces the
reduction map (5.9), to the base and compute its covariant exterior differential
Dy = 6. The result is the R*-valued 1-form. In the matrix representation,

0)-2() =)+ C ) - ()

Therefore, the reduction map ¢ determines a tensor 1-form for each form ¢
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0=+ do+op. (5.11)
Indeed, under the change of the cross-section
P = Ag —db— (ADA™' + AdA™ )b,
O = ABAT + AdAT,
¢ =L = Ap+b,
from which we find
O =3 +do +3'¢ =Ap—db— (ADA™ + AdA~ )b
+d(Ap +b) + (ADA™! + AdA™)(Agp + b) = A6. (5.12)
The converse is also true. Indeed, given a local linear connection 1-form w

and a tensor form ¢; with the transformation law ¢} = Ap;, A € GL(4, R),
this pair uniquely determines the generalized affine connection in Mjy:

—do—
0, =(“ T mTER). (5.13)
0 0

Obtained in local coordinates, these conclusions are valid also in the bundle
(without introducing the cross-sections). Namely, there is a one-to-one corre-
spondence between the set of generalized affine connections and the set of pairs
(linear connection + tensor 1-form) [3].

Recall now that another important structure —the canonical form 6- is intro-
duced in L(M) independently of the linear connection w. In accordance with
(5.13), the pair (w, ) determines a special case of the generalized affine connec-
tion 2, which is then called the affine connection. However, the tensor form ]
defined by the generalized affine connection using (5.11) does not coincide with
the canonical form. Moreover, the set of generalized affine connections may be
divided into two essentially different classes. The first class are connections €
that define non-degenerate tensor 1-forms 6, for which 8(X) = 0 means that
the vector X is vertical, i.e., tangent to a fiber in L(M) The second class en-

compasses the connections {2 that define degenerate 0. In the local coordinates
0 = 0/, E,dz", and the degeneracy means that det 6, = 0. One can show that )
of the first class is a soldering form for the bundle of tangent affine spaces.

The affine tangent bundle E(M, Ay, GA(4, R), A(M)) is associated with the
principal bundle A(M) of affine frames. The typical fibre in it is the affine space
F = R* = GA(4, R)/GL(4, R) with the dimension 4 = dim M, and this is a
weakly reductive homogeneous space, since G = ga(4, R), H = gl(4,R), V = R*
and [H, V] C V, [V,V] C H). The soldering is performed by the choice of
a vector field of the “origin” of tangent affine spaces. The fact that the non-
degenerate 1-form 6 is a soldering form, is almost trivial. Indeed, if X € TL(M)
is vertical, dm(X) = 0, then #(X) = Dp(X) = dp(hX) = 0; the converse is
true due to the non-degeneracy of 0. The second property is also fulfilled:

R R N R 1 )
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with A0
h= € GL(4, R).
0 1

The vector field ¢®(x) = —L~1%(2)2%(z) defines the origin of tangent affine
spaces for the chosen cross-section o:

M — A(M), u = u(x).

5.3. Spontaneous symmetry breaking
and non-linear realizations

Now we consider the general formalism of nonlinear group realizations as the
most appropriate method of description of the spontaneous symmetry breaking.

At the core the method of nonlinear realizations is the notion of auxiliary
fields which are identified with the Goldstone fields [115]. The latter appear in
a physical system when the initial symmetry group G of Lagrangian of the the-
ory is spontaneously broken to some subgroup H C G, with respect to which the
physical vacuum is invariant. In this case, the ground state becomes degenerate,
and the “manifold of vacua” is isomorphic to homogeneous factor space G/H.
The parameters of G/H corresponding to the generators of the broken symme-
try can be identified with the Goldstone fields which are considered as vector
fields over M with the values in G/H. From the geometrical point of view, the
Goldstone fields are thus the cross-sections of the vector bundle with the fiber
G/H that is associated with some principal bundle P(M, G). This refers to the
local or the gauge symmetries of a physical system. According to the reduction
theorem [3], the existence of a cross-section of an associated (G/H)-bundle is
necessary and sufficient for the reduction of the principal P(M, G) bundle to the
subbundle P(M, H). Therefore, in the geometrical approach to the theory of
gauge fields, one can speak of a spontaneous symmetry breaking G — H, when
there is a reduction of the corresponding principal bundles. Here we consider
this geometrical picture, that should be distinguished from the spontaneous
symmetry breaking in the sense of a non-invariance of the quantum vacuum
state, since the “vacuum” and everything else in this theory are the purely
classical (geometrical) notions.

A nonlinear realization of the group G in the theory with the broken G — H
symmetry is constructed from the linear realization, and the key link in this
construction are the Goldstone or auxiliary fields. Let the matter field ¥(z)
be described as a cross-section of a vector bundle E(M,V™, G, P) associated
with the principal bundle P(M,G), where the fiber V™ is the vector space of
a representation p of the group G in GL(m, R).

The field ¥ is transformed with respect to the linear (irreducible) represen-
tation p of the group G:

U — p(g)¥, geaq. (5.14)
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The connection in the principal bundle P(M, G) introduces the parallel trans-
port in E. Accordingly, choosing some cross-section, the covariant derivative of
the field ¥ is defined, which has the following form in the local coordinates:

DY = d¥ + p/'(w)V, (5.15)

where w is a G-valued connection 1-form, and p’ is an appropriate representation
of the Lie algebra G.

When the symmetry G is spontaneously broken to the group H, there is a
reduction P(M,G) — P(M, H), and hence there exists a cross-section of an
associated G/H-bundle — the Goldstone field:

{(z) € G/H. (5.16)

Using the auxiliary fields (introducing the “origin” in the fibers of an associ-
ated bundle), one can construct the nonlinear realization of the group G. For
this purpose, we consider nonlinear fields defined by

U (z) = p(§7" (2)) ¥ (). (5.17)

We see that a nonlinear realization G is defined, if under the action of elements
of the group g € G, the pair (£, Uy) is transformed according to

£€— ¢, (5.18a)

\I’H — p(h/)\I/H, (518b)
g

where ¢ € G/H, W € H, and £ = &(g,£), W' = h'(g,€) are the nonlinear
functions of their arguments that are uniquely determined from

gs=g =¢n, (5.19)

since any element of the group G is uniquely represented as a product of the
element from the factor space G/H times an element of the subgroup H. It
is obvious that under the action of the subgroup, the representation (5.18) is
linear. Indeed, let ¢ = h € H, then 5?5’ = Adpé = héR™L, Uy ?p(h)\IlH

The notion of a nonlinear gauge field is the crucial one in the theory with
the spontaneously broken gauge symmetry. The nonlinear gauge field defines
the covariant derivative of ¥y and it is constructed on the basis of the linear
representation (5.14), (5.15) with the help of the transition formula (5.17). Let
w be the original G-valued connection 1-form on M. Under the change of the
cross-section, it transforms as

w— ' = gwg ! + gdgt, g(z) € G.
In the method of nonlinear realizations, we define a nonlinear gauge field as

A=elwe e lde, (5.20)
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where £(z) is an auxiliary field (5.16). Under the action of g, the connection A
is transformed nonlinearly,

A— A =WAN~ + Wdn' !, (5.21)
g

where A’ = 1/(&, g) is determined from (5.19). Therefore,
DAy =dUy + p/(A)Vy

is called the covariant derivative of ¥y in the nonlinear realization of G.

Usually, the homogeneous space G/H is weakly reductive. The Lie algebra
of the gauge group G can be decomposed into the sum G = H &V, where H
is the Lie algebra of the subgroup H, [116]. Let us consider the corresponding
decomposition A = I" + B of the nonlinear gauge field A into the H-valued
1-form I' and the V-valued form of B. From the definition (5.20), the following
transformation law under the action of g € G is obvious:

I — T/ =#"TH ' +ndn' 1, (5.22)
B — B =n'Bn (5.23)

We thus find that T' transforms as the usual connection (associated with the
connection in reduced principal bundle P(M, H)), although with the nonlin-
early realized b/ = h/(,g) € H. However, the V-component of the nonlinear
connection B transforms homogeneously. Taking this fact into account, one can
treat the method of nonlinear realizations as an alternative to the Higgs mecha-
nism, since due to the homogeneous law (5.23), the nonlinear gauge field allows
for a non-zero mass term in the Lagrangian.

In conclusion, let us consider the important example of a nonlinear realiza-
tion that clearly demonstrates the above-mentioned method: the spontaneous
symmetry breaking in the Higgs mechanism.

Take the Lagrangian for the multiplet of scalar (Higgs) fields ¢,

L= 3" (Dup)(Dup) + V(). (524)
where D, = 0,9 + p'(w,)p. This Lagrangian is invariant with respect to the
linear gauge transformations, ¢ — p(g)¢, of the group G > g. When the sym-
metry is spontaneously broken G — H, we proceed to the nonlinear realization
according to (5.17) by defining the Goldstone fields &(z). We introduce the
nonlinear matter field oz = p(£~1)e, in terms of which (5.24) is recast into

L=- %QMV(D;‘(PH)(D;?SDH) +Vien). (5.25)

In view of the spontaneous symmetry breaking, the vacuum average value
17 = (pm) = const # 0, and we make the usual shift to the physical fields
X = @m —n. Furthermore, we have D4¢ = DUy + p/(B)n, since by assumption,
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the “vacuum” is invariant with respect to the subgroup H C G, therefore its

generators annihilate 7, whereas the Higgs field itself transforms as a nonlinear

multiplet x—p(h')x under the action of G. Hence, the Lagrangian (5.25) man-
g

ifests the Higgs phenomena in the nonlinear realization: the Goldstone degrees
of freedom ¢ were absorbed, so that the nonlinear field B,, became massive:

9" (Diton)(Dier) = g™ (DLX) (D) x) + 20" (B*)nDyx + 1°B" B,

The total Lagrangian (5.25) is still invariant with respect to the group G,
which is now realized nonlinearly, and this symmetry is “hidden”. The remaining
symmetry with respect to the subgroup H is explicit and realized linearly.

5.4. Kinematics of the gauge gravity theory

The kinematics of the gauge theory is usually understood as the identification of
the basic symmetry group and the description of the corresponding dynamical
variables — the gauge fields, as well as the investigation of their connection with
the geometrical structure of spacetime, and the related issues.

Nonlinear gauge theory of Poincaré group

The problem of a choice of the basic symmetry group in the gauge gravity
theory is not purely theoretical, and it can be ultimately settled by experiment
only. In a similar way, when constructing the unified theories of strong, weak
and electromagnetic interactions, one can discuss only to a limited extent such
questions as the number of quarks, the basic group SU(N), N =?, etc; all this
belongs to the field of experiment, so at best, one can specify only some minimal
model that consistently describes the experimental data available at the current
technological level.

The Poincaré group is important in the relativistic particle theory, and one
can assume that this spacetime symmetry is directly relevant to the formation
of the geometrical spacetime structure. Thus, the minimal model of the gauge
gravity theory should be most probably based on the Poincaré group.

We construct the gauge theory of the Poincaré group P similarly to the
gauge theories of internal symmetries as a theory of connection in a corre-
sponding principal bundle. However, the specific feature of the gravity theory
(namely, the relation between the gauge transformations and the symmetries of
spacetime) calls forth the attempts to explain the spacetime geometry directly
in terms of the gauge fields. This means that, in contrast to the theories of
internal symmetries, where the spacetime exists as an external background un-
related to the gauge fields, in gravity theory the geometrical spacetime structure
(metric and connection, see Chapter 1) is fully determined by the corresponding
gauge theory potentials. Accordingly, the principal bundle cannot be arbitrary
in this case, but should be constructed as a natural spacetime object.
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As the principal Pjp-bundle of the gauge theory of Poincaré group, we con-
sider the bundle of affine orthonormal frames O(M) as a natural subbundle of
the bundle of affine frames A(M). The gauge potential is then obtained as a
restriction of the generalized affine connection to O(M).

The central issue is to explain how the gauge gravity field (namely, the Pyq-
connection) determines the geometrical structure of My, i.e., the metric and
connection on the tangent bundle T'M. One conclusion looks fairly obvious: the
rotational (corresponding to the Lorentz subgroup Lg) part @ of the generalized
affine connection €2, recall (5.10), may be identified with the Lorentz connection

(when the cross-section o : M — O(M) is chosen): T, = &b,

10
The situation is more complex with the translational part ¢ (corresponding

to the subgroup of translations Ty = R*) of Q in (5.10). It is clear that the
1-form ¢ cannot be identified with any tensor object like the tetrad or the
metric field, as one could expect, taking into account that one of the sources
of the gravitational field —the energy-momentum tensor— is obviously related
to translations. However, we have shown that the reduction of A(M) to the
bundle of linear frames L(M), defined by the 0-form ¢ (5.9), uniquely maps
@ into the tensor 1-form of 6 (5.11). Accordingly, we can try to explain the
spacetime metric structure in terms of the field 0.

The analysis of the generalized affine connection (see Sec. 5.2.), demonstrates
that the gauge Pio-theory is essentially wider than its usual interpretation as a
dynamical theory of the tetrad hj, and the Lorentz connection I'%y, fields. In-
deed, the Pp-theory of the second class, see Sec. 5.2., does not define the metric
structure on M, at all, since in this case the form 6 is degenerate (det 9“ =0)
and cannot be identified with the 1-form of coframe. More exactly, we can say
that in this case the spacetime has the ultralocal degenerate Carroll geometry
[117], where the metric is degenerate, det g,, = 0, everywhere in M. As it is
shown in [118], such a state could be realized in the singularity, and within
the perturbation theory developed in [118, 119] this corresponds to the zero
metric signature with ¢ = 0 in (2.94), and (7.51). Physically, such region is
characterized by distances much smaller than the Planck length o = 1073% m

In contrast to this unusual situation, the gauge P1o-theory of the first class
introduces the metric on T'M in a consistent way. However, in this case the
resulting structure is much wider than the Riemann-Cartan structure. Indeed,
we have shown in Sec. 5.2. that the 1-form 6 is the generalized soldering form
of the affine tangent bundle, but it does not coincide with the canonical form 6
(the coframe 1-form 6 = h), as it was noticed in [103]. The difference of  from
0 is in arbitrary general linear transformation 6 = L%,6°, L € GL(4,R).

With an account of the explicit covariance with respect to the local Lorentz
transformations (we consider the principal bundle of orthonormal frames), it
reduces to the difference on the Goldstone transformation from the factor space
GL(4,R)/SO(3,1). One can use this arbitrariness in the definition of tetrads
to construct the conformal gravity theory of new type in the Riemann-Cartan
spacetime, as we discussed in Sec. 4.1., see [69].
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In the rest of the section, we present the rigorous foundation for these con-
clusions in the framework of the nonlinear realization of the gauge P;o-theory.

Construction of the nonlinear gauge theory of the Poincaré group consists
(schematically) of the two stages. The first one is formulated [99]-[105] as the
soldering procedure, when the bundle of affine frames is reduced to the bundle
of linear frames. In physical terms, this means the spontaneous breaking of the
translational symmetry, which reflects the fact that the physical matter fields
depend only on the points of the base My, but not on the points of the fiber
[99, 100]. The (implicit) second stage is very important: the principal Pyg-bundle
of the gauge gravity theory is itself a subbundle in A(M), in other words, it is
obtained as the corresponding restriction or reduction of the structural group
G(4,R) — P1o. In accordance with this, we notice that an arbitrary element
g € GA(4, R) is uniquely represented in the 5 x 5 matrix disguise as

LG 6 ) o)
g= = h, where h = .
0 1 0 1/\0 1 0 1

Here, the first factor is the Goldstone translational field — the element from
GA(4,R)/GL(4, R), and the second factor u € GL(4, R)/SO(3,1) is the Gold-
stone field responsible for the reduction of A(M) to AO(M); finally, the matrix
h € SO(3,1) represents the exact (unbroken) Lorentz symmetry.

Now we proceed from the linear gauge field €2, the generalized affine connec-
tion given in (5.10), to the nonlinear gauge field via (5.20) with the help of the

auxiliary fields
1 &\ [fu O u &
<0 1)(0 1>_<0 1>'

A straightforward computation yields

-1, -1
03} G066 )

0 1 0 0 0 1 0 1 0 1

<u‘1c~uu +utdu  uTH @+ dE + @5))

0 0

A

As a result, we finally find that the rotational part of the gauge gravitational
field I' := u~'wu + v~ 'du is realized linearly with respect to the Lorentz group
L¢ and defines the local Lorentz connection on My, whereas the tetrad field
(the canonical form or the 1-form of coframe) 6 := =10 = u=1(@ + d¢ + &€) is
interpreted as the nonlinear gauge field with an additional contribution of the
Goldstone fields u € GL(4,R)/SO(3,1), transforming homogeneously under
the action of translations.

In this way, the Riemann-Cartan (see Chapter 1) geometry Uy naturally arises
on the spacetime manifold My, where the metric (tetrads) and the connection
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are expressed in terms of the basic dynamical variables of the gauge P1g-theory
of gravity — the generalized affine connection €2, or the equivalent set of the
nonlinear gauge fields I and 6 and the Goldstone variables u, &.

Nonlinear gauge theory of de Sitter group

The Poincaré group Pig is not semi-simple. In Chapter 6, we will demonstrate
that this fact has the far-reaching consequences when constructing the dynamics
of the gauge gravity theory, and actually yields unsatisfactory results. In an
effort to improve the situation, we now consider the gauge gravity theory for
the nearest semi-simple extension of P1¢ — the de Sitter group S1g, which reduces
to the Poincaré group via the Wigner-Inonu “contraction”.

Technically, it will be more convenient to work in a vector bundle, and not
in the principal one, although one should remember that the gauge field is
originally defined as a connection in the principal bundle, and then it uniquely
introduces the connection in the associated bundle, which for this reason is also
called the gauge field.

De Sitter group S19 = SO(1,4) is defined as a group of motion of the de Sitter
space ©4 which is a 4-dimensional pseudo-Riemannian space of constant nega-
tive curvature. The latter is usually represented as a hypersurface in R'#, the
5-dimensional pseudo-Euclidean space with the metric nap = diag(—1,1,1,1,1)
(the indices 4,B,c,D...= 0,1,2,3,4 label 5-dimensional components). The de
Sitter space is defined by the equation

napr’z® =, (5.26)

where {a?A} are the global Cartesian coordinates in R'*, and ¢ > 0 is the
curvature radius of the de Sitter space. The equivalent form of (5.26) reads

nabxaxb + ($4)2 _ 82,

in terms of the 4-dimensional Minkowski metric 7, = diag(—1,1,1,1); the
lower case indices a,b,c,--- =0,1,2,3.

The group SO(1,4) is ten-parametric, and its generators Map = —Mpga
satisfy commutation relations

[Mag,Mcp) =napMpc —nepMac —nacMpp + npcMap. (5.27)

It is convenient to decompose the generators M 4p into two groups: Jup = Mgy
and P, = {~1My,. Then we rewrite (5.27) as

[Jab7 ch} = nadt]bc - ndeac - nachd + nchada

1 (5.28)
Jab7 [Paa ch] :nabpc_nacpb7

[PCH Pb]:_ﬁ

which shows that the Lie algebra G = so(1,4) is decomposed into the sum
G =H ®V, where H is the subalgebra formed by six generators Jup = —Jpq,
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isomorphic to the algebra so(1, 3) of the Lorentz group; V is the 4-dimensional
vector space spanned by P,.
The de Sitter space X* is homogeneous, since SO(1,4) acts transitively on

0

¥4, Denoting 0 = {z% = 0,a = 0, 1, 2, 3}, we choose the point < ) € ¥4 as the
l

center, its stabilizer is the Lorentz group SO(1,3) = Lg formed by the 5 x 5

L% O), with L%, € SO(1,3). Accordingly, * = S/ Ls.
0 1
From (5.28) we see that this is the weakly reductive space, since [H, V] C V.
Let E(M, R**, S19, P) be a vector bundle associated with the principal bun-
dle P(M, S10). The action of the structural group Sip in E we realize by the
5 x 5 matrices with the following parametrization distinguishing the subgroup
L (we omit the indices to make the formulas more compact):

S =875, SeSO(1,4). (5.29)

matrices S4p = <

L 0
Here Sp, = ( ), L € S0O(1, 3) describes the purely Lorentz rotations, and
0 1

0
St is the matrix of the de Sitter boost mapping the vector ( ) € ¥4 into
l

Va

an arbitrary point of the de Sitter space V4 = ( A
Vv

) € ¥4 with VA = 4,

nasVAVE = 2. Explicitly:

0% — oty (1 4+ )~ o
Sp= " at ) . (5.30)
—tp t*

The finite rotation St can be obtained from the infinitesimal one by the expo-

O a
nential map (St)4p = exp < X ), where x* (with x, = napx®) are the
-x» 0

four transformation parameters which determine ¢4 in (5.30) by the formulas
tr = (sinx)x " 'x%  t'=cosx,  X*=7axx".

The linear gauge field for the de Sitter group is identified with the connection
in E. As an element of the Lie algebra of the de Sitter group SO(1,4), the
connection 1-form has the following structure:

N o% ga _ B _ ~a
Q% p = 5 0 s Wab = —Wha, Op = 14p0°. (531)
— Vb
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However, this decomposition is invariant only with respect to the Lorentz group,
whereas under the action of the full S transformations (5.29), the fields & and
6 are mixed. Therefore, one cannot identify w with the connection in the tangent
bundle, and 6 with the fundamental form. To obtain the geometrical structure
on the base My, it is necessary to take into account that the Spp-theory is not
an “internal” one, and to perform a soldering of the bundle to the spacetime
manifold. For this purpose, as we observed from the example of the Poincaré
group above, we have to choose the cross-section of the (G/H)-bundle, i.e., the
Goldstone field, and proceed to the nonlinear realization of the group G. In
this case, G = SO(1,4), H = SO(1,3), G/H = X* and the Goldstone field

tll
is actually the 5-vector t4 = ( 4), instead of which however we will (more
t

rigorously) consider the de Sitter boost (5.30).
Following the general framework of Sec. 5.3., we construct the nonlinear gauge
field using £ = Sr:

_ _ Fab 00.
Aglﬁg+§1@< ), (5.32)
-6, 0

where 0, = 1,,0%, and we find explicitly

t*Dty — tpDt®
14t

te(dtt — 6,t%)
1+t4

'Yy =% + R (533)

9* = t*9° + Dt — (5.34)
Here we denoted Dt = dt® + &%tP.

Under the action of the de Sitter group S1¢, which is now realized nonlinearly,
the gauge fields are transformed as

F/ab — L/aCchL/—ldb _’_Llachlflcb’ 0/(1 — L/abgb,

L/ab
where S} =
0 1

mined from S§ =SSy = S'75',.

Thus, we can finally identify the 1-form I'*; with the local Lorentz connection,
and the 1-form 6 with the canonical form. As a result, the Riemann-Cartan
geometry naturally arises on M. Note that, in general, the field 6* depends
on the additional Goldstone variables, corresponding to the embedding of the
de Sitter group Sig into the general linear group GL(5, R), similarly to the
P1o-theory. However, we will not distinguish them explicitly, since we are more
interested in the specific features of the Sig-theory, which are important for the
construction of the consistent dynamical scheme.

>7 and the nonlinear function L' = L/(t4,5) is deter-
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Conclusions: the general scheme of the gauge gravity theory

Let us summarize the essential points of the gauge approach to the gravity
theory, distinguishing it from the theory of internal symmetries.

1. The spacetime M, is not considered as a fixed background. The determi-
nation of its geometrical structure is a main issue of the gauge-theoretic scheme.

2. The gauge field (potential) in the gravity theory is the connection in the
principal bundle P(M, G).

3. The principal bundle of the gauge gravity theory is not abstract, but is
realized as a certain structure on My. For the Pio-theory, this is the bundle of
affine frames A(M).

4. The specific realization of bundles in the gauge gravity theory implies
their soldering to the base. There exists a cross-section of the (G/H)-bundle
and the soldering 1-form is defined by the translational part of the connection
in P(M,G).

5. The soldering establishes a homomorphism of the P(M, G) bundle struc-
ture onto the tangent bundle 7'M, thereby introducing the geometrical structure
on the spacetime My, with the metric and connection defined in terms of the
gauge gravity field.

6. The explicit construction of the geometrical spacetime structure is per-
formed in terms of the connection in P(M,G) in the nonlinear realization of
the gauge group. The Goldstone fields, arising in the reduction G — H (the
latter being closely related to the soldering), also contribute to the metric and
the linear connection in T'M.

It is worthwhile to note that the group of general coordinate transforma-
tions is not related directly to the construction of the gauge gravity theory.
However, the gauge transformations of special form may induce the infinitesi-
mal transformations of coordinates on My, if we introduce the latter with the
help of the reduction map ¢ defined in (5.9). Indeed, using the cross-section
oc: M — A(M), we can define the local coordinates z* as x = ¢ o o. Then

under the action of translations 7" = (1 a>7 the cross-section o — R%}.0,
0 1
and we obtain x# — z* +a*(x) as the local general coordinate transformations.
Within the framework described above, the Riemann structure of GR cannot
be obtained without additional restrictions of the natural geometrical structure
arising on the spacetime. Such restrictions (for example, a priori putting the tor-
sion equal zero) contradict the consistent gauge-theoretic scheme, and they do
not follow from any (even non-gauge-theoretic) fundamental physical principles.
In this relation, it is instructive to recall Einstein’s words, that “...the question
whether this continuum has a Euclidean, Riemannian, or any other structure
is a question of physics proper which must be answered by experience, and not
a question of a convention to be chosen on grounds of mere expediency.” [39].



6

Gauge gravity models with dynamical
(I'-S)-interaction

6.1. Principles for construction of dynamics

In the previous Chapter, we saw that the gauge approach based on the Poincaré
group P19 = Ty ® Lg in general yields a non-Einstein theory of gravity. One can
choose the tetrad field hz and the local Lorentz connection I'“;,, field on M}y as
the main dynamical variables of the Pjp-theory. In accordance with the general
gauge scheme, their source is the Pjg-current consisting of the canonical energy-
momentum tensor t*, and the canonical spin tensor S*%;, which correspond to
subgroups T, and Lg, respectively. As compared to GR, the new feature of
the Pio-theory is the existence of an additional (I'%,,-S#?,)-interaction, along
with Einstein’s (hZ—t“a)—interaction. Since the Poincaré group is not simple,
these interactions are characterized by the two different coupling constants —
one with the dimension [[3] =m? for translations and the dimensionless one A
for Lorentz rotations.

The prediction of a new type of the gravitational interaction (spin-connection)
is the main physical consequence of the gauge gravity theory for the Poincaré
group.

The realization of this interaction in the Einstein-Cartan model was reviewed
in Chapters 3 and 4. However, one cannot consider the ECT as a satisfactory
gauge gravity theory. The Lagrangian Lgcr ~ R(T) ~ (9T' +I'T) hh is non-
dynamical both for I' and for A, in the sense that the field equations do not con-
tain derivatives of the gauge field strengths, unlike the Maxwell or Yang-Mills
theories. Due to the contact nature of the (I'-S)-interaction, one can eliminate
the torsion from the theory, thereby arriving at the effective non-renormalizable
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S2-self-interaction of matter. The degeneracy of ECT is also manifest in the
absence of the second coupling constant for the (I'-S)-interaction, as result of
which the spin effects turn out to be negligibly small. Another sign of degener-
acy is the mismatch of the gauge kinematics and the dynamics of the model: we
have R ~ t, @Q ~ S in ECT field equations, linking the Lg field strength (the
curvature) to the Ty current (the energy-momentum), and the Ty field strength
(the torsion) to the Lg current (the spin).

The consistent nondegenerate dynamical scheme of the gauge gravity theory
should be free of such deficiencies. However, its construction is complicated due
to the essential non-uniqueness of theory’s action, which is a consequence of
the nonlinear realization of the gauge symmetry that allows for non-polynomial
(in the nonlinear fields hf, and g, ) interactions. We can try to overcome this
difficulty by supplementing the gauge theory with a number of conditions (nat-
ural from physical and geometrical viewpoints) that help to select the basic
Lagrangian of the theory.

The appropriate general requirements can be formulated as follows:

1. Correspondence principle: in the absence of spin and torsion, the field
equations should allow for a limiting transition to GR.

2. Both gravitational interactions, (h-t) and (I'-S), should be dynamical.

3. The dynamics of the theory should be consistent with the gauge kine-
matics in the sense that the source of the gauge field of a certain spacetime
symmetry is the corresponding Noether current.

Let us apply these criteria to analyze the possible choices of the Lagrangians
(more exactly, of the action functionals) of the gravitational theory considered
earlier in the literature. To keep the correct dimension of the action, [S] = [A],
we write down all the dimensional factors explicitly.

a) SGR = ﬁ fd4$\/§R, SECT = ﬁ fd41'\/§R(F)
These models with the Lagrangians linear in the curvature do not satisfy the
requirements 2 and 3.

b) SY]\/[ = — % fd4$\/§Rabwj(F)Rab/w(F).
The Yang-Mills Lagrangian obviously provides the fulfilment of the require-
ments 2 and 3. However, this model has two serious problems: the absence of
GR limit and the conformal invariance of Syj; which imposes a strong con-
straint on matter (the vanishing of the trace of the energy-momentum tensor).
Therefore, this model can be viewed only as a microscopic limit of a fundamen-
tal theory.

c) So=5Sgr+ B8Syum, B = const.
This choice does not completely satisfy the requirement 3, since this model
arises in the gauge theory of the Lorentz group with the assumption that the
metric is a priori defined on the base.

d) S1=Secr + BSywum, 3 = const.
Also in this model the requirement 3 is not fulfilled in the sense that the vari-
ation with respect to the tetrads yields non-dynamical equations.

e) S2 = — ﬁ fd4l'\/§Qa,u,VQauy + BSYMv aaﬁ = const.
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This model does not satisfy the principle of correspondence with GR. However,
one can come up with a modification

~ ke / /9 (— Q" Qd"" +2Q,Q") + BSy s,

that contains the Schwarzschild solution as a torsionless limiting case.
f) The model, satisfying all the requirements above, is given by the action

Sp:/d4as\/§{2lm (R(T) — 20Q."" Q")) — ;Rabw(r)RabW(F)}. (6.1)

Here « is a dimensionless coupling constant, and the dimension of [A] = [1/A].

Below we demonstrate, how this dynamical framework naturally arises in
P1o- and in Syg-theory, so that one can avoid a nontrivial analysis of all possible
Lagrangians quadratic in the curvature and torsion with arbitrary coefficients.

6.2. Choice of the action in the gauge gravity theory

Difficulties of the Poincaré gauge theory

Let © be the 1-form of the generalized affine connection on M, (we assume a
cross-section o: M — O(M)), interpreted as the linear Pjg-gauge gravitational
field. The field strength is identified with the curvature 2-form

R ©
R=dQ+QAQ = ,
0 0

where R = dw + & A w, O =di+o . However, the latter is not invariant
with respect to the decomposition of the curvature into the translational and
the Lorentz parts, and to improve this we proceed to the nonlinear realization.

The nonlinear gauge field
Fab fe
A= (6.2)
0 O

encompasses the local Lorentz connection I'*, (the Lg gauge field) and the
tetrad field h® (the T, nonlinear gauge field) is introduced by 6 = %h“, where
the factor [ is included to get the correct dimension, [h®] = 1. The curvature
2-form

a 1 Aa a, a a c
R R -Q ]Ebfdl“ b+ 1% AT, 6.3)
0 0 Q% = dh® +T% A hb
consists of the Lorentz curvature 2-form R%, and the torsion 2-form @“ which
are the Lg and the T} field strengths of the P19 gauge field, respectively. Note

that Q“ = QQ“W x# A dx¥ with Q“W = —2Q%u, cf. (1.3).
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One can construct the dynamics of the Pjg-theory by two methods:

1. We can use the irreducible parts I' and h of the nonlinear gauge field
(6.2) to derive the covariant objects (6.3) and then to build the Lagrangian as
an arbitrary polynomial of invariants formed from the curvature, torsion and
tetrad, R, Q,h. This procedure is essentially non-unique.

2. Using the analogy with the Yang-Mills fields of the internal symmetries,
one can try to construct the Lagrangian depending on A (and R) as a whole.
In this case, the simplest choice is the Yang-Mills Lagrangian iTr(R A xR).
The trace operation “Tr” refers to the Pig-“internal” indices, and the Hodge
operator (dualization, *) is defined with the help of the metric g, = hth’,nab,
resulting from the nonlinear realization of the P;y group. Since the Poincaré
group is semi-simple, its Cartan-Killing metric (encoded in the trace operation
Tr) is degenerate, and as a result, the variational derivation of the field equation
does not commute with the decomposition of A and R into the Lg- and Ty-
irreducible parts. Indeed, if we make such decomposition at first, then

1 1 R 10 R 1x0Q 1
STr(R A #R) = ~Tr DY R | G PN S
2 2 0 0 0 0 2

hence the torsion completely drops out, and the remaining Lagrangian is de-
scribed as the case b) in Sec. 6.1.. The resulting field equations are unsatisfactory
for the macroscopic gravitation theory [100].

On the other hand, if the action % f Tr(R A *R) 4+ Smat is formally varied
with respect to A, we find the field equation

DxR=d*R+AN«R—*xRANA=AxJ. (6.4)

Here the Pjp-current is obtained as a variational derivative #J := §Spat/dA
of the matter action with respect to A. The structure of the source reflects its
relation to the Poincaré group,

Sa  Iot®
J=1{"" "), (6.5)
0 0

where the 1-forms S%, and t* are the Lg- and Ty-irreducible parts of J, re-
spectively. With an account of (6.2) and (6.3), we recast (6.4) into the Lg- and
Ty4-components:

DxRY% =dx* R% +T% A*R% — «R*. AT, = X\ x 5%, (6.6)
Dx Q% — xR% A hY = A2 % t°. (6.7)

Let us investigate the vacuum solutions (5% = 0, t* = 0). We switch to the
coordinate notation in components and use the decomposition (1.12) to write
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the field equations (6.6) and (6.7) in terms of the metric and contortion tensors
(9uw» T* ) instead of the original variables (R, T):

R (D) + T, R g (T') — T% 5, R* " (T') = 0, (6.8)
1
ToWAl, 4 1o, Tovel 4 §R°‘ﬁ T) = 0. (6.9)

Recall that the semicolon ., denotes the Riemannian covariant derivatives de-
fined by the Christoffel symbols.

The field equations (6.6) and (6.7) is the system of differential second or-
der equations for the tetrad and the local Lorentz connection. Therefore, both
(h-t) and (I-S)-interactions are dynamical in this model. Decomposing the
curvature tensor into the Riemannian (depending only on the metric) part and
the post-Riemannian (torsion-dependent) part, we find the system (6.8) and
(6.9) of differential equations of the second order for the metric and contortion

(G T/\;W)-

When the torsion equal to zero, T, = 0, the vacuum system (6.8) and (6.9)
reduces to the Einstein equation R,3 = 0. But in general case, the torsion is
propagating, and thus the (I'-S)-interaction has a non-zero effective radius, in
contrast to ECT.

The physical interpretation of the sources in the right-hand sides of the field
equations (6.6) and (6.7) is a difficult issue. This primarily refers to (6.7), since
the variational derivation of the equation (6.6), corresponding to Lg-subgroup,
does not depend on the order of separation of translations in Pjg. Accordingly,
the source S%,, can be consistently identified with the canonical spin density
tensor of matter [99, 100]. However, ¢t*, in (6.5) cannot be identified with the
energy-momentum tensor, since when deriving the system (6.4), the dependence
of the metric g,, (in the Hodge operator %) on the translational field § was
not taken into account (recall that the formal variation of the gravitational
and matter actions was performed only with respect to the gauge field A as a
whole).

Therefore, although the second method of construction of the Pigp-theory
dynamics allows to highlight some important features typical for the gauge
gravity theory (such as the correspondence with GR, the dynamical nature of all
interactions, and the partial consistency of the dynamics with the kinematics),
it does not lead to the physically satisfactory results. This is related to the fact
that the Poincaré group Pjg is not non-semisimple.

Thus, we have to turn to the first method to construct the dynamics of
the Pjo-theory. However, in this case, there are too many arbitrary coupling
constants in the theory. For their concretization and for the fixation of the
structure of the gravitational Lagrangian, we now analyse the construction of
the gauge theory dynamics for de Sitter group Sig — the nearest semisimple
extension of Pjg.
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Dynamics of Syio-theory of gravity

In the discussion of kinematics of the gauge gravity theory in Sec. 5.4., we
identified the gauge potential for de Sitter group theory with the nonlinear

connection (5.32):
a 1pa
A= ( Fl ot )
_Ehb 0

The corresponding gauge field strength is identified with the curvature 2-form

R:dA+AAA:< (6.10)

where 7%, = h®* A hy = %W“bwdac“ A dx”. Obviously, 7%, = hZhl,b — hihuy.
Since the de Sitter group is semisimple, its Cartan-Killing form is non-degen-
erate, and one can choose the action of the theory in the standard Yang-Mills

form )
Sgs = ﬁ /d4x\/§Tr(R/\ *R)
With an account of (6.10), we have

1 1
Sus = / d%\/g{m [R(T) — 27 — 2Q° 1 Qu™] — &\R”buVRab“”} . (6.11)

3
iz

The action (6.11) is invariant with respect to the nonlinear (i"ealization of the
de Sitter group Sig. Its structure coincides, up to a A-term, with that of Sp
(6.1) with a=1. Therefore, the non-degeneracy of the Cartan-Killing form for
S10 makes it possible to construct the gauge theory dynamics that satisfies the
requirements 1-3 formulated in Sec. 6.1..

From the action (6.11), the equations of the gravitational field are derived
with the help of variation with respect to the local Lorentz connection I'*;,, and
the tetrad hf,. In vacuum (in the absence of matter) they read

where we redefined the coupling constants as ke = I3\, A =

1= 1
- ﬁDyRabW(F) e (Q"ap + hEQy — Wy Qq + 2Quy") = 0,  (6.12)
1/ = 1 1
= <2DyQa‘“’ ~ R¥(T) + ShAR(T) - Ahf;) ot =0, (6.13)
where modified covariant derivative D,, is defined using I'%y,, for the Lorentz
(tetrad) indices and using {*,, } for the world (coordinate) indices (u,v,...).

The tensor 7,* in (6.13) reads
c

T 2a
4 buv 1 nb af
+ P Qpar @M — Zh“Q 8@ . (6.14)

™,

(a0 R (0) = L1 (D) ()
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This is the energy-momentum tensor of S1g-gauge field, that takes into account
the influence on the spacetime geometry of the gravitational field itself. The
field equation (6.13) differs from (6.7) by the term 7,*, making the physical
meaning of the nonlinear S1gp-theory more clear. One can check that

_ 12__
"{(D;ﬂ-ua + 2Qba;ﬂ—ub) = - (gDVRchV + 2chl/) RCdau

- 4Qbauﬁqul—w + RbauquW/ .

The interaction with matter is introduced in accordance with the minimal
coupling principle (as a result of the gauge approach) by means of a substitution
0, — hHD,,. This amounts to supplementing the action Sqg by the interaction
term

Sint = —/Tr(A/\*J) :/d4$\/§£mt7

6.15)

1 S, loga (

Lini = T, + S0t = ( y )
¢ —gty 0

Variation of total action Syg + S;n: with respect to I'*, and h® gives

— 2
D, R.p"" (F) +

ﬁ (Q“ab + thb - tha + QQ[ab]u) = 2>\Suaba (616)
0

—9D,Qu" + R, (T') — %th(r) b AR =k (t + 7). (6.17)

This is the final system of the field equations of the Sig-gauge gravity theory.
In terms of the metric and contortion, the equations (6.16), (6.17) read
2
%0 {Raﬁuu(r);y + TAauR,BA/“/(F) + TA,BVRMX#”(F)}
+3g‘“’T[agl,] + (5{;T5] = rcS* g, (6.18)
Ry — %g#VR + g = Ty + G T2 + TAT}\(W)
=3 tasu T = 5 Tlapu T 1w + 3950 (NI + 3Tina T27)
12 o
B R (D) Bap (1) 2, B (D) Rag?” (D)} = Kl (6.29)
3Tun™ = Thusw) + TNT ) + 3T () To"” = 3T Ta™ = it - (6.20)

Taking the covariant derivatives of the field equations (6.16) and (6.17), after
some algebra we find

tiay) = €DuS" ap, (6.21)
Dutt e +2Q04ut"y + cS* (g R 0 = 0. (6.22)
These are the conservation laws of the total angular momentum and the energy-

momentum of matter, which coincide with (1.47) and (1.45) when we notice that
D,S*ap = (Vi —2Q,)S5" ey and Dytt, = (V,, — 2Qu)tH .
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When the matter is spinless and the matter Lagrangian does not depend on
the tetrad otherwise than in terms of the metric, (6.22) reduces to the ordinary
Einstein’s conservation law of the energy-momentum tensor.

6.3. Physical consequences of the gauge gravity theory

The study of the Sjp-theory generalizing the gauge approach based on the
Poincaré group, allows one to fix the structure of gravitational field action via
(6.10) and (6.11).

Now we investigate the physical content of the gauge gravity theory with the
dynamical (I'-S)-interaction described by the system (6.16) and (6.17). It is
worthwhile to note that these field equations represent a particular case of the
general gauge gravity model with the action S, = [ d4:1:\/§ L,, where the La-
grangian L, = L4(h*, Q% R") is an arbitrary scalar function of the tetrad (the
metric), and the gravitational field strengths — the curvature and the torsion.
The general field equations read

DuHabHV - Eabﬂ = S#abv

_ 1
D H," — ) =~ ta.

Here the Lorentz and the translational gauge momenta are defined by

oL, . 0L,
ORY 4, CT QN

and the gravitational energy-momentum and spin are introduced as

Ea# = hfﬂ:g - 2QbaVHbl“/ - RCbaVHbcﬂua Eab# = H[ab]#~

HM =2

Correspondence with GR

Let us investigate the issue of the correspondence of the vacuum field equations
(6.18)-(6.20) and the Einstein field equations under the assumption of vanishing
torsion. For the sake of generality, we do not confine ourselves to the de Sitter
gravity with the action (6.17), but study the most general Lagrangian without
the parity-violating terms that leads to the second-order equations for the gauge
gravitational fields (A, I'%,):

1
Ly = 2kc {aoR(T') = 2A 4+ a1Qa Q™" + a2Q 0y Q" + a2Q,Q" }

+ b1 R (T) RO (T) + by Ro g (T)RMP(T) + b3 Ry (T) R*PY(T)
+ by Rap(D)R*P(T) + bsRap(T)RP*(T) + bg R*(T). (6.23)
We have the 4 dimensionless coupling constants ag, a1, a2, as, and the 6 coupling

constants by, ..., bg with the dimension [A], in addition to the cosmological term
A. When ay = 0, we have the purely quadratic model.
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Not all terms in the Lagrangian (6.23) are independent, since the expression
V9 { Rapyu (D) R (T) — 4Ras(T)R7(T) + R*(I) }

is the complete divergence representing the Gauss-Bonnet identity. The integral
of this scalar density describes the topological invariant. Therefore, any of the
constants bo, b5, bg may be eliminated. However, here this possibility is not
used.

Let us analyse the field equations for the Lagrangian (6.23) for the case of
the vanishing torsion, Q)‘W = 0. Then we find H,*¥ = 0, hence E,,* = 0, and
in vacuum (S*,, = 0 and t#, = 0) the field equations reduce to

ﬁuHabNV

100 (1 Cas™ o + 0200 R) =0

1
— By = —(a0R"s = SRR+ AR ) + 910 Ry + o2 R, = 0,

ke
Here C,g"" is the Weyl tensor introduced in the irreducible decomposition of
the curvature tensor (1.14), and R, = Ry, — 3¢, R is the traceless part of
the Ricci tensor. It is worthwhile to mention that the Weyl tensor is double-
self-dual, as a result, it satisfies the quadratic identity

1
Caa”ycﬁauy - Z(Sgcpguucpauua

which was taken into account in the derivation of the field equations.
The form of the dynamical equations essentially depends on the parameters
1 and o that are constructed from the coupling constants:

4
o1 =2(4M + A2), P2 = g()w + A2+ 3X3),
1
>\1:b1+b2+5537 Az = by + bs, A3 = be.

The last line determines the structure of the effective Lagrangian obtained from
(6.23) for the vanishing torsion, @*,, = 0:

L, = i (agR — 2A) 4+ A1 Rapuw R¥PM + Mo Ros R™P + A3 R%.
When ¢; = 0 and ¢ = 0, the field equations reduce to Einstein’s equation
with the cosmological term. This happens when A\; = A3 and Ay = —4\3 which
corresponds to the Gauss-Bonnet topological action.
The resulting system for all values of ¢ and ¢y yields agR = 4A (to check
this, contract the second equation). Consequently, the torsionless (Q*,, = 0)
vacuum field equations for the whole class of models (6.23) read

apR = 4A, (6.24a)

©1Caus0 BP + (22 + paR) Ry = 0, (6.24b)
01 Ryja;p) = 0. (6.24c)
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The last equation follows from the Bianchi identity (1.17).
It is obvious that the vacuum Einstein spaces (with A-term)

1
agR = 4A, R, = ZQWR, (6.25)

are solutions of the system (6.24a)-(6.24c). The question is: are there other
solutions or (6.25) represents the unique solution? This is a non-trivial problem
[137, 187]. Let us analyse the case of a nonvanishing ag # 0 first; we then can
put ag = 1 without the loss of generality. There are several situations depending
on the values of ¢ and .

1. When ¢; = 0, the system (6.24a)-(6.24c) reduces to

1
R = 4A, (Q + 4<p2A) Ry = 0. (6.26)

Then we have one of the two possibilities.

L1 If L+ 4psA # 0, the system (6.26) coincides with Einstein’s field
equations (6.25).

1.2. In the special case -=+4p3A = 0, equations (6.24b), (6.24c) are satisfied
identically, and the solutions are arbitrary spaces subject to the only constraint
R = 4A.

2. If 1 # 0, we introduce

E = ;
¥1

and the system (6.24a)-(6.24c) is then recast into

R = 4A, (6.27a)

C(x;t,(i’u Raﬁ = _gﬂuua (627b)

Rﬂ[a;ﬁ] = 0. (6.270)

One can prove [193] that the only solutions of the system (6.27a)-(6.27¢)
are Einstein spaces (6.25), unless £ = 0, or £ = %, or £ = — %. In these

exceptional cases, the solutions of the system (6.27a)-(6.27c) are known with
R, # 0 which are not Einstein spaces [189].

For completeness, let us mention that similar conclusions can be derived for
the purely quadratic model with ag = 0 in which case £ = @2 R/¢p;.

The S1o-theory with the action (6.11) belongs to the class of quadratic models
(6.23). As one can immediately check, £ = % in this de Sitter model, and hence
it does not belong to the exceptional cases above. Accordingly, we conclude that
the only torsionless solutions of the de Sitter theory (6.11) are Einstein spaces
(6.25), thus demonstrating the correspondence of the Sjg-theory with GR.

Let us estimate the coupling constants A and ly for the (I'-S)-interaction.
Using the torsionless solutions (6.25) (Einstein spaces), one can try to identify
A directly with the cosmological term of GR. According to the modern obser-

vations, A ~ 1072 m~2, consequently we find Iy ~ 10?° m, which is of order of



6.3. Physical consequences of the gauge gravity theory 117

a typical size of the de Sitter world. As a result, assuming that x is the usual
Einstein’s gravitational constant, we obtain for the coupling constant of the
(P-S)-interaction an estimate 1/\ ~ 10*2%h. Thus, we can conclude that the
spin of matter under ordinary physical conditions practically does not affect
the gravitational field, and with the high accuracy we can treat (6.16) as the
vacuum field equation with the zero right-hand side. However, in this case, the
last term in (6.11) quadratic in the curvature would dominate at macroscopic
distances, which obviously contradicts the idea to identify A with the cosmo-
logical term. Consequently, such identification and the resulting estimate of the
coupling constants are not consistent with observations.

One should expect the coupling constant A to be much larger (with the up-
per limit for A to be fixed by experiment), so that the curvature quadratic
term dominates only at small distances, whereas at the macroscopic scales it
is essentially smaller than the term (R + Q2). Then the resulting huge value
of A does not allow to interpret it as a cosmological term. The correspondence
with Einstein’s equations was derived here in the absence of matter, which is a
special physical situation. When ¢,,, # 0, the condition of the vanishing torsion
turns out to be too strong even in the absence of spin SAW = 0, and it does
not lead to reasonable results, in general [100, 129, 140, 141].

Instanton solutions

The Yang-Mills structure of the action (6.10) of the de Sitter theory underlies
the existence of the self-dual or the instanton solutions. To analyse this impor-
tant feature, we turn to the Euclidean formulation of the theory. Technically
this is done via the replacements SO(1,4) — SO(5), SO(1,3) — SO(4), and
Nab — Ogp; One achieves this by the Wick rotation of the time coordinate into
the purely imaginary domain ¢t — itg. The self-duality conditions for the de
Sitter curvature (6.10) read

R = *R, (6.28)
and this is written explicitly as the system
1 1
(Rey = 57) = (R = %), (6.29)
lg I
Q" = Q" (6.30)

On the self-dual configurations (6.29), (6.30), the vacuum field equations
(6.12) and (6.13) are satisfied due to generalized Ricci (1.15) and Bianchi (1.17)
identities which can be conveniently recast into

2DpQ% ) = — R%uw b5, DpR™u) =0,

The solutions of (6.29), (6.30) are called gravitational instantons. The Euclidean
action

S = % {(R“b - llgw“b) A *(Rab - zlg”“b) + 123@“ A *@a}, (6.31)
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reaches a local extremum (minimum) on the instanton configurations, when it
becomes proportional to the topological invariant

_/Tr(R/\R):/{Rab/\Rab—i— (@ 7 +Qu = B Amar) }.

The first term (with an appropriate numeric coefficient) is equal to the Pontrya-
gin index, whereas the second term describes the Nieh-Yan topological invariant.
In the theory under consideration, the Euclidean action is well defined (unlike
the Euclidean action in GR and ECT), leading to the formally convergent path
integral in the quantum theory.
The absolute minimum of (6.31) is realized on the Euclidean de Sitter space

R=0 { Q% =0, R, = Zthfhbl } (6.32)

on which the action vanishes, S = 0.
It is worthwhile to note that using the ansatz R%g,,, = l%éa (9] When solv-
0

ing the complete system of the vacuum field equations (6.18)-(6.20) automati-
cally yields the zero torsion. This result agrees with the original assumptions:
in the Sig-theory, the simplest solution is the de Sitter space of the constant
curvature, but not the Minkowski flat space.

One can straightforwardly describe the torsionless instantons. When @ = 0,
the contraction of the equations (6.29) gives (due to the Ricci identity) the
Einstein equations with the A-term. Thus, in the theory under consideration,
the Einstein spaces constitute the subset of the instanton solutions, and it is
quite natural to interpret the solutions of Einstein’s equations as gravitational
instantons in this approach.

Let us consider in detail the important special case: the spherical SO(4)-
symmetric instanton solutions of (6.29) and (6.30). The general spherically
symmetric (in the four-dimensional SO(4) sense) ansatz for the local Lorentz
connection and the tetrad reads as follows:

%, = A(zp, — 210y,) + Bepua”, (6.33)
= fo, + gxx,, (6.34)

where A = A(p), B = B(p), f = f(p), g = g(p), are the scalar functions of

p =%, = Sqpatal.

Substituting (6.33), (6.34) to (6.29), we obtain the system

2
2pA’f+2Af:F<2B—2ABp+f )(f+pg)—0 (6.35)

2(A+ B)'f—2(A+ B)g+ (A+ B)*(f + pg) = 0. (6.36)

Here the dash denotes derivatives with respect to p, and the upper signs corre-
spond to the self-duality (R — lo~27) = *(R — ly~>1), whereas the lower signs
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refer to the anti-self-duality (R — lo 27) = — % (R — Iy 7). In a similar way,
for the torsion we derive from (6.30) one more equation

2f"— g+ (A£2B)(f + pg) = 0. (6.37)

The spherical SO(4)-symmetric ansatz (6.33) and (6.34) excludes the trace-
less part of the torsion. However, the trace and pseudotrace are non-trivial:

Qu =gz, 2 g+ AU+ 00}, Qu= - 5rauBT + po).
and the self-duality equation (6.37) establishes their relation (it is obvious that
for such configuration the trace Q" is proportional to the pseudotrace Q“)
This implies the first result: any self-dual SO(4)-symmetric solution (6.33),
(6.34) describes the Riemannian spacetime (there is no torsion), if either B = 0
or f+gp=0.

All Riemannian SO(4)-instantons may be described explicitly.

When f + gp = 0, we obtain a degenerate geometry. Indeed, then g = — f/p
and thus the tetrad hj, = f(d] — 2%z, /p) is a projector with the vanishing
determinant. The same applies to the corresponding Euclidean spacetime metric
Guv = f*(6,, — x, 2,/ p) which represents an unphysical geometry.

When B = 0, there exists an infinite family of the SO(4)-symmetric solutions
of the system (6.35)-(6.37):

2
(p- 1P =15 L g ap=ay v ar
0

We can express A and ¢ in terms of an arbitrary function f, provided Ap # 1.
For the self-dual case, we have an exceptional solution A = 1/p, f = ly/,/p with
an arbitrary g. This is a singular solution, but the infinite family encompasses
the regular configurations, as well. The famous de Sitter instanton is recovered
from the family above by fixing g = 0:

2 21
- , :70\/’70, =0, B=0.
p £ po P = po

As usual, the upper (lower) sign refers to the self-duality (anti-self-duality). For
the positive real integration constant pg, the self-dual solution is everywhere
regular, but the anti-self-dual solution diverges at the radius p = pg.

The search for the non-Riemannian (Q%,, # 0) SO(4)-instantons represents a
nontrivial task. There is no their complete description yet, and specific solutions
are difficult to interpret. A preliminary analysis can be found in [194].

Possible existence of the instanton configurations is consistent with the idea of
Hanson and Regge [145] who noticed the analogy of the gravity with @ # 0 and
the superconductivity theory. The vanishing torsion is then dynamically realized
as a phase of the Meissner type effect, and the local regions with nontrivial
torsion ) # 0 are the analogs of Abrikosov’s vortices.
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Torsion dynamics and universal spin-spin interaction

Let us consider the physically most important particular type of matter — the
fermion fields (describing quarks, leptons, hadrons) as a source of the gauge
gravitational field. Then the tensor of spin is totally antisymmetric and has the
following form:

. . th—
S)\;w = EAIW,QSH, S, = Z\P’yu’}/g,\lf.
Substitution of the ansatz R%, = Z%W“b into the field equations of the de
0

Sitter model (6.18)-(6.20) yields the Riemannian de Sitter space in the absence
of matter, but for the nontrivial fermion sources this ansatz gives rise to the
algebraic relation between the torsion and the spin T, = ¢S, via (6.18), with
the “translational” equation (6.19) reducing to the Einstein equation with the
A-term and the symmetrical part of the canonical energy-momentum tensor on
the right-hand side.

Let us qualitatively investigate the dynamics of the torsion field in the de
Sitter gauge gravity theory. For this purpose, we consider a simplified model: we
assume the metric to be flat g, = 1., hj, = dj;, and the torsion is represented
only by the pseudotrace vector T#, which is natural if the sources are fermions.
Then the action describing the torsion dynamics takes the following form:

1 - . 1 - - 3 x - .
Sp= d4x\/§{)\ 0.T,0"T" + 5 (DU + 2T, T — 5(TMTH)Q} + SHT“} ,
(6.38)
where p2 = 9\/ke = 9/1p°.
We can use the method of Gupta [195] to calculate the static non-relativistic

interaction potential between the two fermions with spins o1 and o5 exchanging
by the T-quanta. In the linear approximation we obtain

ch? e HT
VTV(I'):*)\&? {(0'1'0’2) . *%(Ul'V)(a’TV)(

e HT e\/g’”)
" .

r

In the limit of the zero transferred momentum in T-propagators (i # 0), one
finds the contact potential like in the ECT. Therefore, the presence of the
Yang-Mills (quadratic in the curvature) term in (6.11) modifies ECT in the
same way as the theory of intermediate bosons modifies the Fermi theory of
weak interactions.

Qualitatively the same result for the interaction potential arises also for the
most general quadratic gauge gravity model (6.23), where one needs to replace
the parameters A, u? and 2/3 with the appropriate algebraic expressions con-
structed from the coupling constants aq, ..., a3 and by, ..., bg, see the details in
[196, 197, 198].

The spin-spin potential is also found [146] in GR for the fermions interacting
via the graviton exchange, where Vg ~ rc?h?(o1-03)/r® (analog of the Breit
potential). In contrast to Vi, the dynamical gauge (I'-S)-interaction predicts
the 1/r spin-spin interaction (similar to Coulomb’s and Newton’s potentials).
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6.4. Model description of microscopic gravitational
interactions

We now turn to the study of the microscopic limit of the gauge gravity theory.
Addressing this problem one can relax the requirements formulated in Sec. 6.1.
for the construction of the dynamics, in particular it makes no sense to talk
about the correspondence with GR at small distances. Moreover, in accordance
with the gauge principles in the framework of the geometrodynamical approach
(following Einstein’s idea that the spacetime geometry is not fixed ad hoc, but
is determined by the interaction and the motion of matter), one can assume
that at small scales we may need to consider new microscopic physical prop-
erties of matter, which did not manifest themselves at the macroscopic level.
Understanding the geometrization program in a general sense, the new physics
should lead to the new geometry. Accordingly, the minimal model based on the
Poincaré group (or its extension to the de Sitter group) may turn out to be too
narrow in the area of the high energies (very small distances).

Most probably, the Pjg-theory provides a good description for the gravita-
tional interactions of leptons, since their spacetime symmetries are exhausted
by the Poincaré group. However, there are additional symmetries in the physics
of strongly interacting particles [147] besides the Pjq. In particular, the system-
atics of hadrons within the Regge approach [148] suggests the description of all
particles lying on a Regge trajectory as excitations of one physical object. Such
states are classified by the unitary representations of SL(3, R) group, or in rel-
ativistic theory by SL(4, R). In addition, in the high energy strong interactions
one observes another (asymptotic) regularity — the Bjorken scaling [149] as a
manifestation of the dilational symmetry [140]. Together, the dilations and the
SL(4, R) constitute the general linear group and, adding the translations, we
end up with the general affine group GA(4, R) = GL(4,R) ® Ty.

Therefore, one can suggest that the gravitational interactions of the hadrons
should be described not by the Pjo-theory, but rather by a more general theory
based on GA(4, R). The corresponding gauge theory is called a metric-affine
gravity; for its comprehensive overview see [199].

In Secs. 5.3. and 5.4., we constructed the kinematics of the gauge theory
for the general affine group. The gauge potential is identified with the gener-
alized affine connection in the principal bundle of affine frames A(M), which
introduces the most general geometrical structure on the spacetime manifold
M,: the independent linear connection I'*g,, and the metric g,, (the tetrad
fields hZ) The sources of such a microscopic gravitational field are the corre-
sponding Noether GA(4, R)-currents of matter: the energy-momentum and the
“hypermomentum” [147, 199]

0Ly,

H = —
S ab 90, ®

I, ®. (6.39)
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Here L, is the Lagrangian of the matter fields ®, and I,; are the generators
of GL(4, R). The irreducible parts of the hypermomentum (6.39) are the spin
SHtap = J"[ay), the dilation current J* = JFapn®, and the “proper hypermo-

mentum” J* 4 = J Hlaby — i] Hngap, corresponding to shear deformations of the
frame.

Microscopic gravitation as a Yang-Mills field

Now we consider the microscopic gravitation model (I'%y,, hf,) assuming that
the linear connection I'“,, is the most general one. The dynamics of the theory
at small distances can be formally obtained by discarding the “translational”
low-energy terms in the basic Lagrangian (6.11) or taking a formal limit l; —
00. Thus, we will describe the model microscopic theory of the gravitational
interactions by the Lagrangian of the Yang-Mills type for the GL(4, R)-gauge
field .
Lyy = §R“b“y(F)Rba“”(F). (6.40)

The invariance group of the theory (6.40) is very wide. It includes the confor-
mal Weyl group g, — g,,, = eQU(I)gW (see Sec. 4.2.); the local linear GL(4, R)-
group hZ — h::l = Labhz, Fab# — Fa/b/# = La/arab#Lilbb/ +Lg'8HL*1‘3b/ with
L € GL(4, R) and the group of general coordinate transformations: for example,
by, = Wy = Sl

The field equations are derived by the variation of (6.40) with respect to the
independent I'*;,, and g,,,,. In vacuum, they read

7 a v 1 a o v
DR (1) = ﬁau {V/gR"bap(T)g*"g"

+ g™ {1y Rap(T) — T R%cap(I)} = 0, (6.41)

c 1
T = = 55 { B (DR 0 (0) = 29 Bas (DR (D)} = 0. (6.42)

Compare the last equation with (6.14).

Technically, the equation (6.42) means that the energy-momentum tensor of
the Yang-Mills field vanishes, which therefore is often called a ghost field.

It is convenient to introduce the conformally invariant tensor density % =
=./9 (g“o‘gl’ﬁ — g"ag“ﬁ). The metric enters the theory only in terms of 7/
in particular, the action reads Sy = 15 [ d*z 7P R%,,, (D) R’ 445(T) and
the field equation (6.41) can be rewritten as

O {Rabaﬁ (F)ﬂ'waﬁ} AT R ap(T) = TpuR%cap(I) } el = . (6.43)

The importance of the Yang-Mills fields motivates the interest in the ex-
act solutions of the classical gauge field equations. It is known [150, 151] that
any spherically symmetric solution of the Yang-Mills equations for the internal
groups [SU(2) etc.] in the Minkowski space has the “Coulomb” type behaviour.
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Let us study the spherically symmetric solutions of (6.43) in the Riemannian
space-time with a given background metric g, (). In the local spherical coor-
dinates (20 = t,2' = r, 2% = 0,23 = ¢) for an arbitrary spherically symmetric
metric ds? = —&(r, t)dt? 4+ n(r, t)dr? +r2d6? + r? sin® dp?, the most important
component of the density 7#*? reads as follows:

T, r,0,0) = f(r,t)x(0, ¢), (6.44)

where &, 1, f, x are the functions of the specified arguments. Under the condition
of the spherical symmetry, we assume that I'*yo(r, ) depends on the time and
the radial coordinates, whereas I'*;; = I'*s = I'%;3 = 0. Then one can check
that the solution of (6.43) reads

1)
or '’

[
[ (r,t) = A% / 0D R0 =Ty = (6.45)
To

where the constant matrix A € GL(4, R). In [152], it is proved that this is a
general (up to a gauge transformation) spherically symmetric solution of the
equations (6.43).

In addition, when the matrix A is such that A%, A%, = 0, eq. (6.45) describes
the exact solutions of the complete system of the microscopic gravitation (6.41)
and (6.42), since then 7, = 0 identically. Such matrices do exist in GL(4, R).

To illustrate (6.45), we consider several special background metrics.

1. Let f(r,t) = —r2. This is true for the Schwarzschild, the Reissner-
Nordstrom, the de Sitter, the Kottler metrics (the spherical vacuum solution
of Einstein’s equations with the cosmological term), the conformally flat met-
rics (in particular, for the Friedman metric) and for some others. In this case,
R%19 = —A%/r?, and T'%y = A%(1/r — /rg). The solution thus has the
“Coulomb” form, generalizing the result of [150] to the aforementioned Rie-
mannian spaces.

2. Let us consider the cosmological metrics

dr?
ds* = —dt* + a*(t) { L (d6* + sin? 0d¢2)} , k = const.

1—kr?
Then f(r,t) = —a(t)r?’v/1 — kr? and
Aab (m

a(t) r

For particular cases, we have:

a) k= 1/r2 is a closed universe, with a(t) = 1 this is the static Einstein’s
world. The gravitational field strength R%j10(r, t) has singularities at » = 0 and
at r = rg, at the boundary or the world. The region r > r( is unphysical. Thus,
in the Einstein world, the spherically symmetric solutions of the Yang-Mills
equations have a non-Coulomb short-range behaviour.

A%y
a(t)rzm.

T (r,t) = — const), R%10=—



124 DYNAMICS OF GAUGE GRAVITY THEORIES

b) k= —1/r is an open universe, a(t) = 1. The solution is asymptotically
Coulomb one.

c) k=0, a(t) = ef*, (H = const) is the inflationary cosmological de Sitter
metric in the Lemaitre-Robertson form [120]. In this case

a
A% —Ht

- , T (r,t) = A%(1/r — 1/ro)e HE.

R%10(r,t) = —
A local observer interprets this solution as a Coulomb type configuration with
a decreasing gauge charge (compare this with Dirac’s hypothesis [68] about the
change of constants in time).

Introducing the interaction of the microscopic gravity with matter, the field
equations are modified by the relevant sources: the hypermomentum (6.39) is
added in the right-hand side of (6.41) and the energy-momentum tensor ¢,, in
(6.42). The conformal symmetry of the model (6.40) give rise to the restriction
t*,, = 0 that allows only the massless matter fields as the sources of the (T, g)-
gravity. Examples of such fields are the massless spinor fields and the Yang-Mills
fields in the theories of “grand unification” (before a spontaneous symmetry
breaking), which underlines the essentially microscopic nature of model under
consideration.

Below, we investigate the question how this microscopic picture is related to
the macroscopic theory of gravity.

Spontaneous breaking of conformal symmetry
and macroscopic limit

The structure of the microscopic gravity theory does not formally allow for
the interaction with the macroscopic, massive matter. Therefore, in order to
preserve the conformal invariance of a massive field action, we introduce an
auxiliary scalar field ¢(2*) which transforms under the action of the Weyl
group as

o — ¢ =@ p(z).

If we now define the masses of a vector A, and a spinor ¥ fields as m = @TC;L,

with m =const, one can add the corresponding mass term to the complete
matter Lagrangian.

It is important to determine the Lagrangian of the dynamical field ¢ to set
the transition to the macroscopic theory. There are two possibilities, which are
based on the different interpretation of the Weyl symmetry that we analyzed
in Sec. 4.2.. Let us consider both cases.

a) Canonical Weyl approach and correspondence with GR

The usual interpretation of Weyl’s transformations g,, — €*?g,, is based
on the expansion of lengths, and in particular, on the scaling of the interval
ds — ds’ = e?ds. If we understand the conformal symmetry of the microscopic
gravity theory in this sense, the most general Weyl-invariant action for the
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scalar field ¢ has the form:

1 R
Sy = /d4m\/§h{28u<p8“<p + Egoz — A0<p4} , Ao = const.
We assume that the scalar field has the canonical dimension of an inverse length,
whereas Ag is dimensionless. Fixing the Weyl freedom by the gauge condition
© = o =const [73, 149] (which corresponds to spontaneous breaking of con-
formal symmetry) one finds the complete action of the theory

c 2kc
— %(p% 7%?414’“4” + @01?1\1,@\1/} (646)
Here £,,(¥, A) is the free Lagrangian of the massless vector A, and spinor ¥
fields, and kc = 6/(hp3), A = 6Agp3.

On the macroscopic scales > 1/, we have =R > Lyp(I), ie., the
Hilbert-Einstein term is dominating. Consequently, the macroscopic limit in
this case is described by GR with the cosmological term.

This procedure, that introduces the masses and the Lagrangian R, is the
classical analog of the quantum mechanism of the dynamical breaking of the
conformal symmetry, and the field ¢ plays the role of the Goldstone boson [153].

Assuming that the coupling self-interaction constant of the scalar field is
small (Ag — 0), one can ignore the A-term in (6.46), and hence the gravitational
Lagrangian has the form Lo = 7R + g5 R%, (I')R".*(I), described as the
case (c) in Sec. 6.1.. The corresponding field equations read:

1
R, — ig,wR =Kt +Tuw) (6.47)
D, R (T) = 2\ JH4,. (6.48)

The exact spherically symmetric solution of the vacuum equations (6.47),
(6.48) (for the similar solutions for an arbitrary gauge group see in [99, 100, 152])
is straightforwardly derived:

ds?’=—e"dt* + e Vdr® + r2dh* + r? sin® 0dy?,
2

v

2Gm = kcq
eV =1-

c2r 4 r?

for the metric, and for the gauge field I'*y,,:

a

U-p .
R%01 = 2 R%p23 = v, sind,
where ¢ = —u®ub,—v% 0%, and the dimensionless constant matrices u%,, v%, €

GL(4, R). This solution is of the Reissner-Nordstrém type. The essential dif-
ference is that the value of the “effective charge” ¢ may be greater, equal or
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smaller than zero, in view of the non-compactness of the group GL(4, R). For-
mally, ¢® is composed of the three irreducible parts, since v and v are connected
with the spin, the dilation current and the proper hypermomentum of the cen-
tral body: uqp = %nabu + Uqp] + Uap, U = 0. The case ¢%> = 0 belongs to the
class of the abovementioned ghost solutions of the Yang-Mills equations.

The non-compactness of the symmetry group may have some specific conse-
quences in the gauge gravity theory. For example, the indefiniteness of the sign
of ¢ may prevent the formation of a horizon, as well as singularities may be
avoided in cosmology. This is related to the fact that the sign of the energy
Too of the field I is indefinite, which leads to the violation of the energy con-
ditions of the Penrose-Hawking theorems. Indeed, denoting E*°; = R%; and
B%;; = R%;; (Latin indices from the middle of the alphabet i, j, k,--- = 1,2, 3
label 3-space components), we can decompose the curvature into the four pieces

gki — %, g,kji — BN, gkij _ BO”“Z-J-, gklij _ Bklij'
Then using the self-evident symbolic notation we find
o i € 2 'fﬂ2 . € 2 . ’m2)
00 = 5y (B +B £ £,

that clearly demonstrates that the energy density is not positive definite.

This can be observed as an “antigravity” effect, or a gravitational repulsion,
that would be manifest as an effective reduction of mass. One can qualitatively
illustrate this as follows. Suppose the matter source in (6.47), (6.48) is a massive
cylinder made of a ferromagnetic material that can be magnetized along its axis
z. The dilation current and the proper hypermomentum are both equal zero and
the model thus reduces to an effective Ty x Lg-theory. Under the assumption of
an approximately flat metric g, ~ 7., the polarized state of a homogeneous

sample can be modeled by the spinor field ¥ = /n ™™ <(1’> , so that the spin

0
pseudovector is S* = {0,0,0,— %n}, where n is the particle density of the
polarized spins. In the linear approximation, neglecting the boundary effects,
we then find the internal solution of the equation (6.48) for the components
of the curvature: R, = %/\l‘i S0, Rap™® =X (xiSkab — a;kSiab). This yields
T00 = — Ach?n?(5r? + 922)/36, and we obtain the correction to the energy
caused by the I'-field by evaluating the integral over the cylinder source:

2,2 2 2
Ach’n v <5p0 1460) <0,

36 2

AE:/CFJ’JTOO:* 9 3

where sample’s geometry is specified by the radius pg, the length ¢y, and the
volume V' = 7p¢ly. To make a numeric estimate, let us take pg ~ 1072
m, {op ~ 107! m, and n = 10** m~3. Then we conclude, that upon an in-
stantaneous magnetization of the sample, its mass should effectively reduce
by AM = AE/c* ~ —\h x 1078 kg, or the relative reduction should be
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AM/M = —\h x 1077, This is a tiny effect for the value A\i = 107!2° of
the coupling constant estimate obtained in Sec. 6.3.. The current qualitative
analysis shows that the gauge gravity coupling constant can be significantly
larger, and even Ak ~ 1 is a viable estimate. The actual value of A should be
fixed by future experiments.

b) Internal conformal symmetry and model GA(4, R)-theory

In another approach, which was developed earlier in Sec. 4.2., the Weyl trans-
formations are interpreted as the tetrad scaling hj, — e?hj;. In this case, the
most general conformally invariant action for the auxilliary scalar field ¢ has the
form S, = [ d*z /g h{R(T)p*—Aop?} (the kinetic term for ¢ is not added since
it violates the conformal invariance). Then, fixing the gauge ¢ = @y = const as
a result of the spontaneous symmetry breaking, one introduces masses for the
matter fields and finds the effective gravitational Lagrangian, which now has
the following form (it was described as the case (d) in Sec. 6.1.):

1 1
L1 = =—R(T) + —R%,, (T)R (D). 6.49
L= 5 R(O) + o R (DR (1) (6.49)
Thereby, we obtain the model gauge theory for the general affine group in-
vestigated in [18]. The peculiar feature of this (g, ,'*s,)-theory is the presence
of an additional Abelian long-distance field in it — the Weyl vector K,,. Using
the irreducible decomposition of GL(4, R)-connection I'*, = I'*y,, da* 1-form

EN 1
Fab _ Fab _ 7Kab
2

into the local Lorentz connection I'® = I'le®l and the nonmetricity! 1-form
Kap = Dnapy = —2(qp), we find the relevant decomposition of GL(4, R)-
curvature R%, = %Rabw(F)dm“ A dz¥ 2-form

~ 1— — 1 ~— 1
R = R%, + ZKQC ANKC, — iDKab + Z(S?Q (6.50)

into the local Lorentz curvature 2-form E“b = df“b + f“c A fcb and the homo-
thetic curvature? 2-form Q = —1dK = —19,K,jdz" A dz". Here we denoted
K = K%, = K,dx*, and the traceless 1-form Koy = K% — %5;}1(. It is easy
to show that the vector field K, decouples from the other fields and interacts
with matter and with the metric similarly to the electromagnetic field. Further-
more, the homothetic curvature plays the role of the “Maxwell tensor”. Indeed,
substituting (6.50) into (6.49) we recast the Yang-Mills part of the Lagrangian

INote that K, = K qpdz where K qp = hghfvuga,@v, cf. the definition of the tensor of
nonmetricity (1.7). Furthermore, 2I'(40) = Dpab = —pacpbd Dy ;.

2Q = %Q;wdm” A dz¥, see (1.2) and (1.10) for the definition of the homothetic curvature
tensor.
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into
a b 1 1 NIFa NI
R AxR°, = EQA*Q+1DK » NxDK?,
_ 1 . 1,
+ (R“b + ZK‘IC A ch) A % (Rba + ZKbd A Kda) ,

while the curvature scalar R(T"), depends only on the first term from the right-
hand side of (6.50), not containing K. The matter source of the quasi-Maxwell
Weyl field is identified with the dilation current J# which is the trace part of
the hypermomentum (6.39). The latter is conserved due to the invariance of the
L1 Lagrangian (6.49) with respect to Einstein’s A-transformations [70].

The remaining irreducible non-Riemannian parts of GL(4, R)-connection I"
have the short-range behaviour due to the effective mass arising for them from
the Hilbert-Einstein term in (6.49). One can show that in the weak field approx-
imation for the Lagrangian (6.49), the translational field Af, has the standard
Einstein dynamics, thus providing the correspondence with GR.
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Quantization of gravity

7.1.  Methods of quantum gravity

Construction of the quantum theory of a physical system starts with the conver-
sion of its degrees of freedom into operators on which the canonical commutation
relations are then imposed. Obviously this should be preceded by the construc-
tion of the canonical formalism which was analyzed at the classical level in the
previous chapters. The results of this analysis, caused by the special features
of the canonical formalism in the curved spacetime and the degeneracy of the
gravitational action, reveal a number of new features of the quantum theory.

A basic feature of gravity theory is that it is degenerate in virtue of its gauge
invariance under local diffeomorphisms, so that we need a method of quantiza-
tion of degenerate systems. As was shown in Chapter 2, the degenerate theory
described by the canonical action (2.27) with the first-class constraints (2.28) af-
ter choosing the canonical gauges (2.32) reduces to the effective non-degenerate
system with the action (2.40) in terms of independent physical degrees of free-
dom @* = (¢*, p*) satisfying (2.39). The quantization of this theory means that
q¢* and p* become operators in the Hilbert space of states and are subject to
canonical commutation relations

[43*,43*'} = ih{ ", 8"}, (7.1)

where { , }" are the Poisson brackets calculated for the set of the physical
phase variables @*. In what follows we consider the Planck constant A to be
one in universal units, but later will reinstate it explicitly when considering the
semiclassical expansion in powers of f.
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The variables of the original total phase space ® = (g, p) also become oper-
ators as the operator functions of &* (2.38). However, their commutation rela-
tions differ essentially from the “naive” canonical commutators defined relative
to the Poisson brackets { , } in (g, p)-space

[qﬁ,gﬁ'] =i {B(8"), 8 ()} £i{D,P ) (7.2)

and essentially depend on a choice of a gauge in the complete set of constraints
Yo = (XH7 HM)'

Thus, within the framework of a certain set of gauges, the quantum system
is described by the operators @*, and its state is determined in the Schrodinger
picture by the vector of the space of states | Upnys(t)), evolving according to the
Schrodinger equation with the physical Hamiltonian

i a| thyS(t) >
ot

When applied to the gravity, this approach is a direct realization of the quan-
tization program in the ADM procedure. Solution of the constraints in any given
gauge defines the chronologically ordered family of space-like hypersurfaces and
the corresponding family of quantum states representing the quantum evolu-
tion.

However, this approach has serious disadvantages. Solution of the constraints
is in general a complicated problem, the resulting physical Hamiltonian turns
out to be non-local, and the whole method is not manifestly covariant. Moreover,
a priori there is no guarantee that such quantization performed with different
gauge conditions will give unitarily equivalent results. The first step to the
understanding how this equivalence can be attained was done in [202] within
the path integral formalism.

The time evolution operator for the Schrédinger equation (7.3) has a form of
the path integral over the physical phase space [154, 155]:

= thyS(é*) | J/phyS(t) > (7'3)

t1

Uphys(91,t1 | 9o, to) Z/D[gA,pA] eXpi/ dt (pAgA — phys(gAapA)>7(7-4)

to

D[g*,pal = [T dg*(t) [] dps(t)), (7.5)
t,A t'.B

where the integration is done with respect to the Liouville measure! and with
the boundary conditions for the phase space coordinate g (t) at the initial #g
and final t; moments of time

g (o) =g, 97 (t) =g (7.6)

!Here and in what follows we will disregard trivial purely numerical factors like [],(1/27) in
the path integral measure, in the Fourier representation of relevant functional delta functions,
etc.
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One should use the relation between the phase space integration measure on
the physical subspace of ¢* and p4 and the delta-function type measure on the
original phase space of ¢* and p;

[1da* dpa =] da’ dp: 6(x(a,p)) 6(H(a,p)) J(a,p). (7.7)
A 7

Here the delta functions of gauge conditions and constraints have a support on
the subspace where they are vanishing,

5(x(a:p) = [[s(x*(a,p)), (7.8)

5(H(q.p) = [[5(Ho(a,p)) = / ( HdN“) N Hylap) (7.9)

and the factor J(g,p) is the determinant of the functional matrix of the canoni-
cal Faddeev-Popov operator J¥ (g, p) given by the Poisson brackets of the set of
gauge conditions and constraints (cf. equation (2.33) or equation (3.7) for the
case of a special choice of canonical coordinates ¢ = (X*, I1,; )

J(q,p) = detJl(q,p), JU(q,p) = {x", H.}. (7.10)

Therefore, making according to (7.7) the change of integration variables in
(7.3) from (g4, pa) to (¢, p) and using the relation (2.39) we get

t1
Upbys ~ / Dl¢,p] DN 8[x(¢,)1[¢, p] expi / dt (pidi — Ho— N H,), (7.11)
to

where the linear combination of first class constraints in the exponentiated
canonical action was achieved due to the integral representation of their delta
function (7.9). Here the functional delta function 6] x(g,p)] and the functional
determinant J[g¢,p] obviously represent products over time moments of their
local analogues,

Six(a.p)] = []o(x(a®),p(t); Jla.p]=][]7(a(®).p(), (7.12)

while the path integral measure D[q, p] is of course similar to that of the phys-
ical phase space (7.5),

D[q,p] = H dg'(t) [[dp(), DN =]]dN"(). (7.13)

tk t,p

The canonical path integral representation of the unitary evolution opera-
tor (7.11) allows one to perform the gauge dependence analysis, because the
variation of the gauge in this expression can be achieved by a canonical trans-
formation of integration variables [202], and thus its gauge independence can
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formally be proven. This gives a first hint on the unitary equivalence of quantiza-
tion schemes in different sets of gauge conditions. Moreover, the contribution of
the functional determinant can be represented as a functional integral over the
anticommuting (Grassman) variables — the Faddeev-Popov ghost fields C* (t)
and C,(t) [203],

Jg,p]= /DéDC exp {i/dtCM(t) JE(q(t), p(t)) C”(t)} , (7.14)

so that the total action becomes local in spacetime, and the path integral be-
comes manageable by a standard technique of renormalization of ultraviolet
divergences. Integration over the canonical momenta converts it to the La-
grangian form which within the generalized set of special (relativistic) gauges
becomes manifestly covariant and admits covariant renormalization.

All these advantages of the path integral representation remain, however,
incomplete because the change of integration variables (g2, p4) — (¢*, pi) is not
consistent at the end points of the time interval [¢g, ¢1]. This happens in virtue
of the boundary conditions (7.6) and unequal footing of the coordinates and
momenta at these points — while the coordinates are kept fixed, the momenta
are being integrated over. For these reasons strict equality in (7.11) was replaced
by the similarity sign. In scattering theory applications this difficulty is easily
circumvented due to the simplicity of the linear regime for asymptotic states at
to — —oo and t; — +oo (S-matrix theory), but for finite times and nontrivial
quantum states this issue represents a real problem. And this problem becomes
critically important in the cosmological context because the initial state of the
very early quantum Universe cannot be formulated in terms of asymptotic states
of scattering theory.

This problem, in particular, leads to the question of how the boundary condi-
tions on integration histories in the right hand side of (7.11) should be associated
with the arguments of the kernel Upyys on the left and side, how the composi-
tion law for the path integrals over (g, p) in the time intervals [¢o, t1] and [t1, t2]
should look like, or what will be the analogue of the unitary propagation law
for quantum states in the physical (ADM) sector:

thys(gl, tl) = /ng Uphys(gla tq ‘ 4o, tO) thys (907 tO)v (715)

not to mention how the physical wave functions Wpnys(g,t) should be associated
with the quantum states ¥(q, t) in the coordinate representation of the operators
(g,p). The answers to this set of questions will be partially given in the rest
of this chapter, but before that we will briefly consider the ADM quantization
method in terms of the physical sector of phase space variables &*.
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7.2.  Arnowitt-Deser-Misner quantization method

In the ADM formalism (see Chapter 3), the physical degrees of freedom of ar-
bitrary gravitating system are the pairs of the phase variables ¢4 = (g%, pa)
(3.4), which in accordance with the previous section become operators satisfy-
ing the canonical commutation relations (7.1). The state of the system in the
set of the gauges (3.11) is the quantum state on one of the space-like hypersur-
faces defined in the four-dimensional manifold with the help of the same gauge
conditions. This state is described by the vector | W,hys(t)) which satisfies the
Schrédinger equation

i a| le/phys (t)> 2

=M

ot phys( .@AaﬁA) | g/phys (t) >a (7~16)

where the Hamiltonian is given by the formula (3.14).

With the solution of this equation, one can find the quantum averages of all
phase variables ¢ = (Gap, P?°; @, P) of the system, as well as of the lapse and
shift functions. Indeed, according to (3.5), (3.12) and (3.15), we have

(B(t)) = (pnys (8) | DL, = Pulf3 6", 9aL; 0% D [ Tpnys (1)), (7.17)

(900} (0) = (Fangal0) | [ @ T 00,3) | Tonsa(2) (1.3,

where in the last equation the operator nature of J ’1?; )) (x,y) implies that it

is taken as a function of operators of physical variables and X* = f#(¢,x)
and IT,, = —P,[ f*; G?,p4]. The proper time of the observer, whose world line
is described by the equation x = const, becomes the physical observable. Its
average is given by the expression

(r) = /dt(N 1— N,N“/N2). (7.18)

Similarly, the spatial intervals become the quantum observables. In accordance
with the operator nature of the lapse and shift functions in (7.17), the position
of a space-like hypersurface itself is an observable. This fact reflects special fea-
tures of the quantization of the gravitational field, whose universal interaction
determines the properties of space and time, and thereby affects the observer
who cannot be shielded from this influence that has a quantum nature.

Example of ADM quantization: Friedmann universe
with a scalar field

The dynamics of the closed homogeneous universe filled with the scalar matter
will be briefly considered here as a demonstration of the ADM quantization
formalism. The subject of quantization will not only be the matter field but
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also the gravitational configuration of the Friedman model [164] described by
the metric (3.39).

The physical setup we will consider has basically a toy-model nature designed
more for the demonstration of the limitations of the ADM approach, rather
than for revealing some interesting new quantum physics undoubtedly inherent
to the early quantum cosmology. Mainly we will consider the situation when
the dynamics of the model is only slightly different from the evolution of the
classical Universe. The qualitative behaviour of closed Friedmann models in the
Einstein theory is the picture of the world that expands up to some maximal
cosmological radius from the initial singularity, and then contracts back to the
singular state. The expansion process is characterized by the suppression of
the originally present inhomogeneous gravitational modes. Conversely, when
contraction to the singularity, the Universe becomes essentially inhomogeneous
and anisotropic. If we restrict ourselves to the dynamical stage ranging from the
maximal radius to the domains which are sufficiently far from the singularity,
one can take the homogeneous and isotropic model as an approximation of the
closed Universe.

We can assume that the homogeneous gravitational field at the maximal ex-
pansion is generated by the large number of randomly moving particles that fill
uniformly the entire volume of the Universe being in a thermodynamic equi-
librium. To describe particles, it is necessary to introduce the inhomogeneous
matter field, whose separate oscillatory modes correspond to the particles of
different energies. Thus, the consistency condition of the model reduces not to
the requirement of the homogeneity of the matter field, as it is done in the
majority of the toy models [178] which claim to give a self-consistent dynamics
of the homogeneous matter and gravitational fields, but rather to the require-
ment of constancy in the three-dimensional space of such characteristics as the
energy density, the number of particles, etc.

The action of the massless scalar field ¢ reads

1
Sm = — 3 /d4x g"% g" 9,00, p. (7.19)

In view of the form of the metric (3.39), we derive the Lagrange function in terms
of the dimensionless scalar field ¢ = lgp and the dimensionless cosmological
radius a (3.41)

2
L, = %0 d3x\f’y{>]<v 12a® + agpAap} ) (7.20)

where the covariant Laplacian A is defined by the constant three-dimensional
metric 7. Decomposing the field ¢(x,t) with respect to the orthonormal sys-
tem of eigenfunctions Z,,(x) similarly to (4.56), ¢(x,t) = >, ¢} (t)Z,(x), we
obtain the Lagrange function (7.20) in terms of discrete set of degrees of freedom
of the scalar field

Ln=2%" P’ 1208 N2l 2 (7.21)
m= N oo awp pL° . .

n
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The superhamiltonian which corresponds (7.21), reads

2
/d?’:v H, = ;—Z Z {Zg + wn2a2cp;2} , (7.22)
n

where P,, are momenta conjugated to ¢!,.
We take the Hamiltonian constraint (3.42), or (2.125) (rather, its integral
analogue) in the form

H =2 —}(p2+a2)+lz P—’%wn?a?cp” (7.23)
2 2 24 a? "
and perform the canonical transformation of the general ADM procedure (3.4)
in two stages. At first, we make the transformation
(p7 a; PTH 90%) — (p/7 a’,;pfh 9071)’
v
— _ _
p_p+;7 a=a, V:angona
Pn=dpn, ¢, =pn/d, (7.24)

and then similarly to (3.48)-(3.49), we substitute (a’,p’) by the new phase
variables T and IT:

a' =+/—2I cosT, p =+—2ITsinT. (7.25)

As a result, the constraint (7.23) takes the following form:

2
€0
H=———{I+H+ ——+— 7.26
+ \/—2HCOST{ + +4HCOSQT}’ (7.26)
where L
H= o > (P2 +wn@) = 20npn tanT). (7.27)

n

In accordance with the general ADM procedure, let us impose the gauge
condition
T=t (7.28)

and solve the constraint equation (7.26) H; = 0 with respect to IT approxi-
mately in the region of H > 1. Then with an accuracy O(H™!), we obtain the

action
Z . v?
S:/dt{npnwn_H(t)—i_élH(t)coth_‘_”'} (729)

in terms of the physical degrees of freedom (i, pp)-
From now on, we will consider such a range of the parameter ¢ and such states
for which H(t)cos?t > 1, therefore, we can neglect the last term in (7.29).
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Consequently, the physical Hamiltonian of the problem may be approximated

by
1

H(t) = B Z (p2 + w2pr — 2puipy, tant) . (7.30)

n

According to (3.54), (7.26), and (7.25) with an accuracy of O(H™!), the expres-
sions for the lapse function and scale factor read

N =ly(y/2H(t) + O(H'(t))) cost, a= (y/2H(t)+OH'(t))) cost, (7.31)

since from the solution of the constraint equation we have —IT = H(¢)+O(H™1).
We see that in this approximation the gauge (7.28) is equivalent to the choice
of the coordinate condition (3.46), N = R. The condition H(t)cos®t > 1,
imposed on the range of applicability of our approximation, is equivalent to the
restriction

R>> I, (7.32)

i.e., to the values of the cosmological radius which are essentially greater than
the Planck length.

We will quantize the system described by the Hamiltonian (7.30) in the
Heisenberg representation, and as a first step we write the Heisenberg equa-
tion for ¢, that follows from (7.30):

Pn + Qn290n =0, (733)

where Q,,2 = w,?+1. As in Sec. 4.4., in order to introduce the particle interpre-
tation of the system, we decompose the Heisenberg operator ¢, (t) with respect
to the two complex-conjugated solutions of this equation u, and u}:

On(t) = antn(t) + an*u,*(t). (7.34)

The basis functions u, and «, are chosen so that they satisfy the normalization
conditions
Up Uy, — Uply™ = —1,

*

therefore, for the creation and annihilation operators a,* and a,, the commu-
tator reads [an, @m*] = Spm.-

Further analysis of the particle interpretation of the system can be done
with the help of the standard procedure of Hamiltonian’s diagonalization [61]
described in Sec. 4.4.. Diagonalization of the Hamiltonian at the moment of the
maximal expansion of the Universe ¢ = 0 takes place in terms of basis functions

of the equation (7.33)

1 18, [wn .
un(t):m{ w—ncosﬂnt—z’ gnsmﬂnﬁ}7 (7.35)

which are nontrivial because the frequency w, in the Hamiltonian and the
frequency in the Heisenberg equation of motion €2,, do not coincide (for §2,, = w,
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these basis functions would reduce to the standard positive frequency ones
exp(—iwpt) /2wy ). For n = 0 with wp = 0 the basis function is not well defined,
but this mode does not have an oscillator nature and should be quantized in
the coordinate (or momentum) representation which we will not consider in
much detail?. The modes with n > 0 have a particle interpretation in terms of
the creation and annihilation operators associated with the modes which would
diagonalize the Hamiltonian at later moments of time and which do not coincide
with (7.35).

In our toy model setup the initial state of the system is prescribed at the mo-
ment ¢ = 0 of the maximal expansion of the Universe when the non-stationarity
of the metric and of spacetime curvature is minimal. The proper cosmolog-
ical time that the Universe spends in the region of the maximal expansion
7= [dtN = [ dtR(t) is large, therefore, despite the fact that we neglected the
interaction of particles from the very beginning, this interaction is sufficient for
the collision relaxation to bring the system of particles in the Universe into the
state of the thermal equilibrium. Therefore, it is reasonable to define the initial
state as the equilibrium or thermal density matrix p at some temperature.

The average value of any physical observable @ may be defined by formula

(O(t)) =tp (pO(t)) = (O(t)), (7.36)

where (O(t)) should be understood as the quantum averaging of the Heisenberg
operator O(t) over a pure multiparticle state from the space of occupation
numbers, and the bar means the statistical averaging with respect to p. The
details of such calculations for a thermal density matrix can be found in [71,
168].

Here we want to stress that in the approximation of large H(t) the calculation
of the quantum average of the scale factor gives

(a(t)) = (V2H(t) + OH"1(t)) ) cost = \/2E(t) cost {1+ O(E (1))},
(7.37)
where £(t) is the evolving in time quantum average of the Hamiltonian

E(t) = (H(1)). (7.38)

This quantum average is ultraviolet divergent, and because of the essential lack
of covariance and nonlinearity of the physical observable g it is hopeless to have
a renormalization of the arising divergences by local covariant counterterms in
the original action of the theory. Therefore, the obtained result makes sense
only in the situation when the contribution of large occupation numbers in
E(t) is a priori dominating the vacuum polarization contribution subject to
UV renormalization. This setup is not applicable in the physically interesting

20ne can check that the dynamics of the quasi-Gaussian wave packet in the coordinate
representation of o with the growth of time will be qualitatively described by a quantum
spreading of this packet.
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case of the early quantum cosmology when the vacuum polarization effects and
nontrivial scaling behavior play the dominant role. ADM quantization in view of
its nonlocality, nonlinearity and lack of manifest covariance (which can hardly
be restored even at the implicit level) is incapable of solving this important
class of quantum problems. For this reason, we go over to another quantization
approach to gravity theory.

7.3. Dirac-Wheeler-DeWitt quantum
geometrodynamics

The Einstein-Hamilton-Jacobi theory provides an intermediate link between the
classical theory of gravity and Dirac-Wheeler-DeWitt quantization, historically
called a quantum geometrodynamics, and we begin the review of this approach
with its analysis. For simplicity of presentation, we restrict ourselves with the
case of the pure gravitational field and consider only the closed cosmology
systems with Hy = 0.

Einstein-Hamilton-Jacobi theory as a semiclassical approximation
to quantum geometrodynamics
The Hamilton-Jacobi equations (2.44), (2.45) for spatially closed cosmological

systems with ¢* = g.,(x) and 8/9¢" = §/6gas(x), in accordance with (2.94) and
(2.95), take the following form:

5S 68 ias,
Gabed 5001 6900 ¢ R =0, (7.39)
58
—2Gac| = =Y A4
I {6gcb]\b ’ (7.40)
a8
— =0. 41
ot (7.41)

The last equation means that the Hamilton-Jacobi function S of the gravita-
tional field does not depend on time ¢. This is a manifestation of the “frozen”
formalism for closed cosmological systems, as described in Chapter 3. Time in-
dependence of S means that formally the time evolution can be incorporated in
the system only with the aid of the gauge conditions (2.48) that by construction
explicitly depend on time.

Thus, S is a functional of the three-dimensional metric and of the 6 — 4 = 2
functions a(x) which represent the independent integration constants in the
complete integral of the system of equations (7.39), (7.40).

The equations (7.40) have a simple geometrical meaning since they reflect the
invariance of the functional S[gap (x),a” (x)] with respect to the coordinate
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transformations of the metric

AT gay(x) = 2f(app) (%), (7.42)
ra (e 08 a5 o[ 08 N
ATS = /d 5gab(x) 8 gab( ) 2 / d |: 5gab(x) :| ‘bfa( ) =0 (743)

Therefore, S is actually the functional not of the three-dimensional metric, but
of three-dimensional geometry that encompasses the equivalence class of the
three-dimensional metrics connected by the coordinate transformations.

The equation (7.39) is called the Einstein-Hamilton-Jacobi equation (EHJ)
and it represents the basic equation of the classical geometrodynamics. Actually,
this equation contains the entire dynamics of the classical theory of gravity. In
accordance with the results of Sec. 2.1.; the evolution of a gravitating system
is restored as a solution of systems (2.47), (2.48), where the gauges are chosen
to be explicitly time-dependent.

The Einstein-Hamilton-Jacobi theory is a semiclassical approximation to the
quantum theory. However, the gravitation is a degenerate system with con-
straints and this approximation has the special gauge-theoretic features which
are follows.

In the semiclassical approximation, the amplitude of the state of the quantum
system is described in the coordinate representation by the superposition of the
functions of the form exp {iS(q, o)} with different values of parameters «, and
with the corresponding amplitudes P(a). This superposition forms the wave-
package

U= /da P(a) e5(@), (7.44)
The center of gravity of such package or the point in the coordinate space

describing the classical system position is determined as a stationary point of
the integral (7.44) with respect to the variables a,

0S
= 7.45
oA BAv ( )
where the parameters 4 = — +01n P(a)/8a* depend on the form of the ampli-

tude A(«). In non-degenerate systems, the equations (7.45) contain all the nec-
essary information to find the classical evolution. In systems with constraints,
the equations (7.45) or (2.47) are not sufficient, since they define the surface in
the space of the phase coordinates that consists of a set of the classical trajec-
tories describing the same physical state and connected by the transformations
of the “group” of invariance of the action (2.30). To select a single physical rep-
resentative, it is necessary to impose the gauge (2.32), i.e., to introduce another
surface in the space of the variables ¢, described by the equation (2.48), that
have a single intersection point with the initial one.
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The space of three-dimensional geometries, where the action S is determined
as a solution of EHJ equation (7.40), is usually called a superspace® [167].
However, since we can operate in a constructive way only in terms of the three-
dimensional metrics, we use the term “superspace” to call the manifold of the
three-dimensional metrics g,5(x), where the action S satisfying equations (7.40)-
(7.42) is determined.

Now let us proceed to the construction of the exact quantum theory, whose
quasi-classical approximation would give the EHJ theory.

Dirac quantization method and the Wheeler-De Witt equation

An alternative to the ADM quantization approach is the Dirac quantization
method for theories subject to constraints [40]. The operators of the original
phase space ¢ = (4,p), in contrast to the previous ADM method, are treated
as independent and satisfying the usual canonical commutation relations

(&, &' =i{D, &' }. (7.46)

These operators are defined on a maximally wide space of vectors. However,
the vectors of the physically admissible states may not be arbitrary, but only
those that satisfy the quantum constraints as the equations

H,(4,9)|¥) =0 (7.47)
and the Schrédinger equation
o\v A
N2) — fy(a.p)|). (7.49)

The latter reduces to the independence | ¥ ) on ¢ for the special case of a closed
world with Hy = 0.

The consistency of the system of equations (7.47), (7.48) is guaranteed by the
involution relations (2.29), provided that one choose such order of operators in
the constraints H » and in the Hamiltonian fIO, that the Poisson brackets in
(2.29) are mapped into the quantum commutators constructed on the basis of
(7.46):

[ﬁﬂ’ }AIV] = USI/HOM [IA{Oa IA{H} = V:ﬁua (749)
with the operators of structure functions U, v and IA/M” standing to the left of the

operators of constraints.
In the coordinate representation of the commutation relations (7.46), the

momenta p = 0/idq, the coordinates § are c-numbers, and |¥) = ¥(q) =
= U] gap(x)], so that the equation (7.47) takes the form
0
H(—)y‘/ -0, 7.50
w055, 2@ (7.50)

3It should not be confused with the superspace in the modern supersymmetric theories.
These are different notions.
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with some particular choice of the operator realization H,(gq,0/i0q) of H 10
which includes a particular operator ordering of ¢ and p and possible quantum
correction terms O(h).4

Thus, in quantum geometrodynamics with 0/i0q = 6/idgqs(x) at least naively
we have

6 0
{_Gabcdégb 597(1 - 91/2 °R } g’[gab] =0, (7~51)
&p[gab]
-2 —_— =0. .52
Gac | o Lb 0 (7.52)

The first of these equations is a widely acclaimed Wheeler-DeWitt equation
[53] which, of course, represents an infinite set of equations — one per each spatial
point. Its operator realization is thus far purely symbolic and will be discussed
later. On the contrary, the operator ordering in (7.52) has a sufficiently strong
geometrical ground because the equation (7.52), similarly to (7.43), incorpo-
rates the local coordinate invariance of ¥[ gq5(x) ], which rather firmly fixes the
operator realization of quantum momentum constraints.

The Wheeler-DeWitt equation is a basic equation of quantum geometrody-
namics. Obviously, the quasi-classical approximation leads to its solution of the
form

¥ =e',

where S satisfies the equations (7.40) and (7.42).

Thus, comparing this approach with the ADM quantization in reduced phase
space, we find the two different situations. In quantum geometrodynamics —
the Dirac quantization scheme — the operators (¢, p) are independent but the
physical states are subject to the constraints (7.47). In the ADM (or reduced
phase space) quantization the operators (g, p) identically satisfy the constraints
but the states are arbitrary. And no unitary equivalence exists between these
two approaches, because the unitary equivalent representations have the same
commutation relations, whereas the commutation relations (7.46) are funda-
mentally different from (7.2).

Another difficulty is that the Dirac quantization scheme is intrinsically incom-
plete, because a priori it lacks the algorithm for the physical inner product of
quantum states that would give quantum expectation values and probabilities.
The usual L? inner product

(' |0y = / dg 0" (q) ¥(q) (7.53)

does not make sense, because the physical states g(q), which are annihilated
by constraints, have a distributional nature ~ §(H,) and make this integral

4The inclusion of these terms will require to reinstate explicitly the Planck constant 7
which will be done later.
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divergent, [§(H)]? ~ oo. This inner product should have a nontrivial integra-
tion measure restricting the range of integration over ¢ to a certain subspace
corresponding to a given time slice of the whole spacetime (as long as physical
time is hidden among the variables ¢). The attempt to interpret as the physical
inner product the flux of the conserved current of the Wheeler-DeWitt equation
(7.51) [53, 165, 182] — the analogue of the conserved current of the second-order
Klein-Gordon equation,

(7.54)

. ' o
Jab(x) = Gabcd {gj W} 5

10gca(x) B 10gcd(X)

requires justification from first principles of quantization. Moreover, it demands
specification of the surface in the space of 3-metrics ¢ = gq4(x) through which
the flux of this current is running, this specification establishing the above
mentioned association with the time slice of spacetime.

Consistency between the ADM quantization and quantum geometrodynamics
as the Dirac quantization of gravity theory was attained in the series of works
[204, 205, 206, 207, 208, 209, 210] where the questions of the above type were
clarified and checked at least in the first nontrivial order of semiclassical expan-
sion — one-loop approximation. It turned out that direct unitary equivalence
between these quantization methods is impossible and can only be achieved
by embedding the Dirac scheme into a wider quantization framework. This
framework is the Batalin-Fradkin-Vilkovisky (BFV) operator quantization of
constrained systems [213, 46, 214, 215, 216, 217, 218, 219, 220] stemming from
the BRST method® [211, 212].

7.4. Dirac quantization from
Batalin-Fradkin-Vilkovisky formalism

Here we give a brief overview of the BRST/BFV formalism in gauge systems
with first class constraints [211, 212, 213, 46, 214, 215, 217, 218, 219, 220].
Within the technique of the relativistic phase space of gauge and ghost fields
[213, 46] we build the operator of the unitary evolution in their representation
space and formulate the BRST invariant physical states. A special Batalin-
Marnelius (BM) procedure of gauging out the BRST symmetry in the subspace
of these states [221, 222, 223] leads to a well-defined physical inner product in
the space of BRST singlets [204, 206, 208]. Then, the Dirac quantization scheme
turns out to be a special truncation of the BFV formalism [206, 208, 210] — a
particular realization of this BM gauge fixing procedure — which allows one to
construct a path integral representation for the solution of the Wheeler-DeWitt
equations. In the subsequent section these results are explicitly checked in the

5BRST refers to Becchi, Rouet, Stora, and Tyutin [211, 212].
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first one-loop order of semiclassical expansion which, in particular, allows one
to formulate a unitary map from the Wheeler-DeWitt (Dirac) wave functions
¥(q) to the physical states Wpnys(g) of the reduced phase space quantization.

BFV formalism

We begin by reminding the reader that the ADM canonical formalism incorpo-
rates splitting the full configuration space of g, into phase space coordinates
q" = gap(x), and non-dynamical Lagrange multipliers N# = (N+(x), N%(x)) in
the canonical action (2.27) or (2.124). The momenta p; are conjugated to ¢,
whereas the variables N* do not have conjugated momenta. In what follows
we will use condensed canonical notations when the field labels carry together
with discrete indices also spatial coordinates, and contraction of indices i or
implies spatial (but not time) integration. In open models with asymptotically
flat (or other boundaries like horizons, etc.) Hy(g,p) represents the relevant
surface integral specified by boundary conditions which are the part of physical
setting for the gravitational system. Below we consider the case of spatially
closed cosmology with Hy(q,p) = 0.

The diffeomorphism invariance of the theory has a manifestation in Poisson
brackets algebra of constraints (2.29) with the structure functions Uy, = U, (¢)
which depend on phase-space coordinates ¢q. At the quantum level the classical
constraints take the form of equations on physical quantum states (7.47). In the
functional coordinate representation of quantum gravity they form the system
of the Wheeler-DeWitt equations on the wave function (¢ |¥) = ¥(q). Their
consistency requires the commutator algebra (7.49) to hold with the operator
structure functions U7 ;)l, standing to the left of Hy.

This BFV quantization generalizes this Dirac quantization scheme by extend-
ing the representation space of the original phase space variables ¢', p; to that
of the relativistic phase space variables. The latter include together with ¢*, p;
the canonically conjugated pairs of Lagrange multipliers and their momenta
pu and canonical pairs of Grassman (fermionic) ghosts C*,P,, and anti-ghosts
Cu, P,

Qlapf = ql7p’u Nﬂapu; C#apu; Cuaﬁ#a (755)
Q' Py = 6, (7.56)

Here [A, B] denotes a supercommutator taking into account the Grassman par-
ity n of A and B, [A,B]. = AB — (—1)"W™B)BA. In gravity theory with
bosonic matter fields n(q) = n(N) = 0 and n(C) = n(P) = n(C) = n(P) = 1.
The canonical commutation relations (7.56) represent the quantum version of
classical Poisson superbrackets commutators {Q', Py} = i 6} (we use units with
h = 1). Ghost variables have Hermiticity properties compatible with these com-
mutation relations

crt=cr, Pl=-P,, =-C,, P =P~ (7.57)

i
m
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In what follows we will regularly omit the hat notation for operators (7.55)
and only use it in case when they have to be distinguished from their c-number
eigenvalues. The hat notations will as a rule be used for composite operators.
State vectors in the representation space of all relativistic variables will be
denoted by double ket notations ||¥)) (contrary to vectors |¥) in the repre-
sentation space of the original operators (¢°, p;)). The coordinate representation
will be introduced as follows:

1Q) = 10, N.C.C)), QIQY) = QI Q). (Q) = (QI|#)),  (7.58)
(@, || @) = / 1Q,"(Q) T(Q), (7.59)

where the BRST inner product is defined in the sense of Berezin integration
over (). To finish description of notations for BFV formalism we mention that
we will also need the momentum representation in the sector of the Lagrangian
multipliers with the interchanged roles of N* and p,. It will be denoted by
tilde, and the corresponding set of variables will look like

Q. Pr =q',pi; pp, —N"; C*,P; Cpp, P*, (Q) = ((Q||¥)). (7.60)

The basic object of the BRST/BFV technique is the nilpotent fermionic
BRST operator {2 acting in the space of || ®)) and satisfying the master equa-
tion

(2,0]=02°=0. (7.61)

This equation allows one to look for the solution as an expansion in powers

of the ghosts C* and their momenta P, starting with the combination 0 =
PaP*+C*H,+O(PC?). The coefficients of this expansion H,,, Uﬁ\w Uﬁ;’m ... are
the structure functions of the gauge algebra of constraints beginning with (7.49)
— higher order structure functions follow from applying the Jacobi identity to
multiple commutators of (7.49) with H, [214, 215, 219]. In non-supersymmetric

gravity theory, which we consider here, this sequence terminates at U l;\l‘fa =0,
and {2 takes the form

A _ . 1 N A ~
Q2 =paP"+C'H, + 5 C"CHUL Py, 2 =10, (7.62)
It is Hermitian in the BRST inner product (7.59) in accordance with the Her-

miticity properties of ghost variables (7.57), provided the quantum Dirac con-
straints have the anti-Hermitian part®

H, - HI =iU\. (7.63)

SIn higher rank gauge theories with nonvanishing higher order structure functions this
Hermiticity properties are modified by their higher order contributions.
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In models with Hy(g,p) # 0 this BRST operator determines also its BRST
extension H = Hy + O(CP) by the equation [£2,Ho] = 0 and the so-called
unitarizing Hamiltonian

N N 1 ~ 4
H@ZHO‘FE[@,Q]. (7.64)

It explicitly depends on the gauge fermion @, n(®) = 1, which provides gauge
fixing in the BRST/BFV formalism. In parametrization invariant closed cos-
mology Ho = 0, and the unitarizing Hamiltonian reduces to the commutator of
the BRST operator and gauge fermion.

The unitary evolution operator Ug(t,t_) acting in the space of ||®)) is a
solution of the following Cauchy problem:

ih%ﬁq:,(t, t-)=HoUs(t,t), Uslt_,t_) =1L (7.65)

It is obvious that from [§2, [®, 2]] = 0 and [£2, Hs] = 0 the BRST operator is a
constant of motion in this evolution,

[2,Ug(t,t_)] =0, (7.66)

so that it plays the role of the conserved BRST charge and serves as a generator
of BRST transformations in the relativistic phase space.

In the coordinate representation the kernel of the unitary evolution has a
representation of the canonical path integral

Ug(ts,Qlt—,Q-) = (Q+ [|Us(ts,t-)[|Q-))

/ D[Q,P]exp{i/tt+dt (PIQI—H¢(Q7P))}, (7.67)

Q(t+)=Qx+

where Hq(Q, P) is the QP-symbol of the unitarizing Hamiltonian given by
the Poisson superbracket of c-number symbols @ and 2 of the operator gauge
fermion and BRST charge Hq(Q, P) = { P, 2} (remember that Hy = 0). Also,
D[ @, P]is a Liouville integration measure in the full boson-fermion phase space
of c-number histories:

H dQ(t) H dP(t (7.68)

The difference between the set of points ¢t = (tx,...t1) and t* = (t}_,...t]),
N — oo, over which the product of integration measure factors is taken, reflects
the typical slicing of the path integral into a sequence of multiple integrals in
the decomposition of the full time segment [t,,¢_] into infinitesimal pieces.
This decomposition, 1 > txy > ty_1 > ... > 11 > t_, ¢4 >ty > Iy >
ty > ... > t1 > t] > t_, implies that the points ¢}, at which the integrated
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momenta are taken, are associated with “interiors” of the segments [t;11,%;]
whose boundaries carry the integrated coordinates — so that the number of
momentum integrations is by one larger than those of coordinate ones.

In the momentum representation for Lagrangian multipliers QI = ¢
C*H,C,, cf. (7.60), the unitary evolution kernel has a similar path integral rep-
resentation:

Ug(t+,Q+[t—,Q-) = ((Q+ || Ua(ts,t-)[|Q-))

/ D[Q,P] exp {z‘/tt+ dt (P,éf—Hqs(Q,P))}, (7.69)

Q(t:{:):Q:{:

H aQ(t H dP(t (7.70)

and is of course related by the Fourier transform to the kernel (7.67)

Ug(ty,Qelt-,Q-) :/dN+dN— e PN U (1, Qilt, Q) e

(7.71)
in full accordance with the fact that two symplectic forms in the integrands of
path integrals on the left and right hand sides here are related by

ty . t4 .
/ dt PQ = / dt PQ —pyNy +p_N_, pr =7(t1), Ny = N(ty). (7.72)
t_ t_

The principal theorem of the BFV quantization is that the matrix elements of
the unitary evolution operator Ugs(t,t_) between the BRST-invariant physical
states annihilated by (2 are independent of the choice of the gauge fermion [219]:

20 ¥2) =0 = Ss((T|Us(ts,t-)||¥2)) =0. (7.73)

The logic of the above BRST/BFV construction is based on the observation
that relativistic gauge conditions, involving time derivatives of Lagrange multi-
pliers, make the latter propagating and having nonvanishing canonical momenta
p,, which are absent in the original action. To compensate the contribution of
these artificially introduced degrees of freedom and the degrees of freedom which
have to be excluded by first class constraints one introduces dynamical ghosts
and antighosts of the statistics opposite to those of H u- Due to statistics they
effectively subtract in quantum loops the contribution of these gauge degrees
of freedom. However, a similar subtraction should be done in external lines of
Feynman diagrams, which means that not all quantum states in BRST space
are physical. Physical states form a subspace belonging to the kernel of the
BRST operator. In this subspace due to the above theorem the transition am-
plitudes and quantum averages are independent of the choice of gauge fixing
procedure — the corner stone of quantizing the gauge invariant systems.
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Batalin-Marnelius gauge fixing and the physical inner product

Physical states should be BRST invariant £2 || @ )) = 0. This equation does not
uniquely select its solution because in view of the nilpotent nature of (2 the
BRST transformed state || ¥ ))’,

1)) =112)) + 21| 2)), (7.74)

with an arbitrary || @ )) also satisfies the BRST equation. This invariance results
in the problem of constructing (or regulating) the physical inner product.

Problem is that the original inner product (7.59) for physical states represents
the 0 x co-indeterminacy. The essence of this indeterminacy can be qualitatively
explained by the fact that squaring of the physical state ¥ (Q) ~ §(£2) in (7.59)
gives a divergent factor whereas the integration over Grassman variables mul-
tiplies it by zero. This inner product can be regulated by transforming the
BRST-invariant state || ®)) to a special gauge as it was suggested by Batalin
and Marnelius in [221, 222] (see also [223]):

@) = [|Wan)) © Pl Wan)) =0, N*|| @) =0, (7.75)
PH| @) = 0 (7.76)

(the last condition is in fact a corollary of the second one, [£2, N#] || @ ) = 0).
The consistency of this gauge with the BRST-invariance of || ¥ gys)) implies that
it also satisfies the quantum Dirac constraints

1.~ - A PN N
0=-[2Pulll®eum)) = (Hy +CYULPA) 1 €en) = H || ®5u)),  (7.77)

and its wave function is independent of ghost variables,

0 0
ﬁWBM(Q) =0, TC—,MEI’BM(Q) =0. (7.78)

Together with (7.75) this means that ¥ g/ (Q) has the form
(QI1¥sm)) = (q|¥)d(N) =¥(q) 6(N), (7.79)

where the “matter” part ¥(q) satisfies quantum Dirac constraints in the coor-
dinate representation,

H,¥(q) = 0. (7.80)

According to [221, 222] the physical inner product of wave functions || ¥ gar))
can be regularized by a special operator-valued measure which is explicitly buil
with the aid of the gauge fermion @

(] 9)) phys = (g || el PPN @ ). (7.81)
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The choice of this fermion is immaterial because

1 o
35 ((Z" || &) phys :/0 ds ((F || =L 66, 2] 1P| @)y = 0,

(7.82)
since [£2,[®, 2] = 0 and 2| ¥ prr)) = 0. However, with a special choice of this
fermion the physical inner product (7.81) resolves the 0 X oo uncertainty and
becomes well defined [221].

This is easy to show if this fermion is constructed with the aid of gauge
conditions functions y* = x*(§,p) which commute with themselves, [x*, X*] =
0, and with the structure functions operators, [¢*, U&\ﬁ] = 0 (in gravity theory

this is coordinate gauge conditions x*(q) commuting with UAB =U, éﬁ(q)) For

[0

the fermion @BM in the form éBM = é‘u)%“ we have
~ ~ _ A ~ 1 ~
[Ppur, £2] = ipu Xt +iCLJHCY, I = < [X", Hyl. (7.83)
)

Then the physical inner product for Batalin-Marnelius wave functions (7.79) in
the coordinate representation with p, = 0/iON* takes the form

(&[] ) phys = /dq dN dC dCW'*(g) 6(N) e~ CnTECH" 5 6(N) w(g)

= <w’|/dwdcczée—i@ufi‘c”+ipu>"<“|w>. (7.84)

This leads to the physical inner product as a special operator valued measure
M acting in the space of Dirac wave functions |¥’) and |¥ ) endowed with the
auxiliary L? inner product (7.53),

(U@ )phys = <<W,||g’>>phys: <W’\M|W>, (7.85)
M :/dﬂ dC dC e Ol rmux" — 5() det J# (1+O([%,J])). (7.86)

This measure is known in quadratures as an explicit integral over ghost fields
and Lagrangian multipliers momenta. In the leading semiclassical order in
[%,J] = O(h), this integral allows one to disentangle the delta function of
gauge conditions, §(x) =[] .0 (x*), which is well defined in view of their com-
mutativity.”

The expression (7.86) is the analogue of the time-local measure in the canon-
ical Faddeev-Popov path integral [202] with the operator (7.83) semiclassically
represented by the Poisson bracket J# = {x*, H,}. As we will show below by
direct calculations in the one-loop (subleading in %) order this inner product
[205, 206, 208, 209]

(V|0 )e = [ da¥" (@) 5(x(@) det T2 W)+ O(0) (787

"This, however, does not save us from extra corrections, because J/ (§,p) depends on the
momentum p; and is a differential operator acting in the space of q.
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for semiclassical wave functions ¥(q) and ¥’(q) is independent of the choice of
x*(g) and is consistent with the Hermiticity property® (7.63) [209].

Path integral representation in Dirac quantization scheme

Transition to the BM gauge can in fact be obtained by a simple procedure of
truncation of BRST invariant wave functions to the sector of “matter” vari-
ables, that was suggested in [206, 208]. Introduce a wave function ¥(q) in the
representation space of ¢, p; which can be obtained from the solution || &)) of
the BRST equation 2| ®)) = 0 by

)| oo (7.88)

U(q) = /dNW(q,N, c,C
As we show below, from the BRST equation it follows that this function satisfies
quantum Dirac constraints and is independent of the antighost variable C (that
is why the argument C of the right-hand side is omitted on the left-hand side
of this definition):

- 0
HVY(q) =0, —Y(q) =0. 7.89
@) =0, 5z (a) (7.89)
Both properties follow from the BRST equation which in the coordinate repre-
sentation reads as

o 0 . 0
_Z Iz 2OV ORTTA
onw og, ¢ et 5 O Ve

QW(Q) = ( ) w(Q)=0. (7.90)

Integrating this equation over the Lagrange multipliers N in infinite limits and
assuming that @ (Q) falls off sufficiently rapidly at N — +oo, one finds that
the first term of (7.90) vanishes. Then one can differentiate the result with
respect to the ghost field C* and subsequently put C' = 0. This proves the first
of relations (7.89). The second relation follows from multiplying Eq. (7.90) by
N#, putting C' = 0 and integrating over N by parts in the remaining first term
of this equation

o 0
an- a0, L@ lomor

0= /dN N'QUQ)| oy = /dN NH 7.91)

This truncation of the BRST quantization scheme to the Dirac quantization
suggested in [206, 208] serves in fact as a realization of the Batalin-Marnelius
gauge fixing (7.75) of the BRST symmetry (7.74). To put the generic BRST
state into the Batalin-Marnelius gauge it is enough to take the bosonic “body”

8Even though this Hermiticity property holds with respect to another — auxiliary — inner
product (7.53) different from (7.87).
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of its wave function, integrate it over the Lagrange multipliers argument N and
multiply by §(N):

12)) = || @) Tinr(Q) = 5(N) / AN'B(g,N',C.C)| _,. (7.92)

Truncation similar to (7.88) for the kernel of the unitary evolution (7.67)
reads

U(q+,q7) = /dN+ dN_ U@(t+7Q+|t,,Q7) |C:l::0. (793)

This object can be represented as a matrix element of U¢(t+, _) between
the following two states || W4 )) which are both zero vectors of the Lagrangian
multiplier momentum and trivially satisfy the BRST equation:

U(ge,q-) = (]| Ug(ty,t-) || @), (7.94)
!Ili(q,N, Cv C) - 5(q - Qi)6(0)5(0>7 (795)
Pal|Te)) =0, Q||TL))=0. (7.96)

Therefore, in virtue of the main theorem of BRST quantization it is independent
of the choice of the gauge fermion ¢ in Ug(t4,t_):

6oU(q4,9-) =0, (7.97)

which guarantees the uniqueness of its definition. The second important prop-
erty is that the kernel (7.93) is independent of ¢4 in parametrization invariant
theory with Hy = 0 because

1AA

Z%U(%» )= (P - (8, 2] Ua(tr i) ||¥-) = (7.98)

~.

in view of the Schrédinger equation (7.65) for Ug(ty,t_). This allows one to
omit ¢ and t4 labels in the left-hand side of the definition (7.93).

Finally, applying the same derivations as in (7.90)-(7.91) to the main BRST
equation (7.66) for Ug(t4,t_), one proves that this kernel is independent of
antighosts C_"f and satisfies quantum Dirac constraints with respect to both
arguments

& / /<—/]L
H,U(q,q')=0, Ulg,q)H'] =0. (7.99)

Integration over Ni in (7.93) implies that this kernel can be interpreted
as the unitary evolution kernel in the momentum representation of Lagrange
multipliers (7.71) at zero values of p,

Ulg.d') = /dN+de€_i”+N+Uq>(t+7Q+|L,Q,) ¢ir-N-
p£=C1=0

=Us(ty,Q4]t-,Q-) : (7.100)

p1=C1=0
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Therefore, it has the path integral representation (7.69) with the symbol of the
unitarizing Hamiltonian — the Poisson superbracket of the gauge fermion ¢ and
BRST charge 2,

Ulgs.q-) = / D[Q., P] exp [i/t+ at (P1Q" — {@,2})]
Q(t+)=Qx )

(7.101)

p+=C1+=0

There exists a special choice of the gauge fermion, & = P,N* + C,x"(q),
which generates in the Lagrangian formalism (after integrating out the phase
space momenta) calculationally most useful relativistic gauge conditions of the
form N# — x*(q) = 0 [213, 46, 217, 218]. With this fermion (note that it differs

from the BM gauge fermion ¢ = C,x*(q)) the path integral becomes

~ ty JUS
Ulgy,q-) = /D[Q,P] exp [Z/ dt (PrQ" — N"H,, — p,x"

- (7.102)

n%

—Cullt C” = Po(P* + Ug, N"C)) | ) -
Q(t+)=Q+ p+=C+=0

A standard procedure of transition to the unitary gauge x*(¢q) = 0 consists in
rescaling the gauge function x* by a small numerical parameter €, x* — x* /e
and making the change of integration variables p,, and C,, (with a unit Jacobian)

Pu = epu, Cu — eCy. (7.103)

Note that boundary conditions at ¢ = ¢4 admit this change of variables, and all
this does not affect the answer for U(q, ¢’) in view of its gauge independence.
Then in the limit ¢ — 0 the kinetic terms —N*p, and P*C,, disappear from
the integrand of (7.102), Gaussian integration over ghost momenta does not
contribute any field-dependent measure, and the projector to Dirac states takes
the form of the usual canonical Faddeev-Popov path integral

Ulq+,q-) =/D[q,p]DND7TDCD@><

t+ . —
XeXp{i/ dt(pqu_NﬂHﬂ—pMXN_CMJ,ﬁLCV)}
t_

q(t+)=q+, px=C1=0

Cort RN
- / D[q,p] DN( IT 600 det J;‘) el e A (pd =N"HL) 7 04)
q(t+)=q+ t#tx
in which, however, the gauge fixing factor d(x) det J# is absent at the both end
points t4. This completely specifies the expression in the right-hand side (7.11)
formulated above and proves all its properties — projection on the subspace
of Dirac constraints (7.99), gauge independence (7.97) and independence of
the choice of t1 (7.98). Its relation to the physical sector evolution operator
standing in the left-hand side of (7.11) is discussed below.
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7.5. Semiclassical approximation

The formalism of the above type should stand verification by a viable calcu-
lational scheme. Such a scheme applicable to theories of a general type is the
semiclassical loop expansion in powers of h. So here we reinstate the h param-
eter (thus far chosen to be 1 in universal units) and develop this expansion in
the first (one-loop) order linear in the Planck constant.

Operator realization of constraints

The first thing to do is to find the operator realization of constraints H,, and
structure functions U;‘V that would satisfy the quantum algebra (7.49) with the
operators of structure functions standing to the left of the constraints (with
the Planck constant reinstated the right-hand side of these algebraic relations
should be multiplied by %). Remarkably, in the approximation linear in 7 there
exists in a closed form the following solution to this problem — the operators are
given by the Weyl (symmetric in ¢ and p) ordering of the following expressions
[206, 209]:

- SN 7

1, = N {H,0.0)+ 5 UL(0.9) + O0) | (7.105)
P N

0 = {00a0) - JUE @D 00 | (100)

Here Ny is a symbol of Weyl ordering, and these algorithms are true for a
generic theory subject to first class constraints having at the classical level
the hierarchy of structure functions of the Poisson bracket algebra beginning
with H,(q,p),Up,(¢,p),UpS,(q,p), .., as mentioned above higher order struc-
ture functions following from the Jacobi identities applied to multiple commuta-
tors of (7.49) with H, [214, 215, 219]. In Einstein gravity theory, of course, UIQ\V
is p-independent and U,Q\l‘,’w = 0. Note a nontrivial anti-Hermitian part of the
constraint operator generated by the trace of the structure constant, which is
compatible with the Hermiticity properties of the BE'V operators (7.63) relative
to the auziliary inner product (7.53) in the space of ¥(q).

A similar algorithm holds for the physical observables — functions O;(q, p) on
the phase space which are classically gauge invariant in a weak sense, that
is commuting with classical constraints modulo the constraints themselves,
{Or,H,} = Vy, H,. They read [209]

Or = Nw {Ol + %VIAA + O(hQ)} : (7.107)

: ih
Vi =Nw {Vz”u -5 Vi + O(h2)} : (7.108)
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This operator realization applies, in particular, to Hy and V: = VO”# of Eq.(7.49)
in theories with a nonvanishing Hamiltonian Hy(q, p).”

Semiclassical physical states

Semiclassical wave functions are characterized by the Hamilton-Jacobi function
S(q) and pre-exponential factor P(q) expandable in fi-series beginning with the
one-loop order O(h?):

¥(q) = P(q) exp {;S(q)] : (7.109)

The general semiclassical solution of quantum constraints (7.99) with operators
(7.105) was found in [205, 206, 208] in the form of the two-point kernel U(q, ¢’)
“propagating” the initial data from ¢’ throughout the space of ¢

i
Ulq,q') = P(q,q') exp [hS(q’ q’)} ) (7.110)
In both expressions (7.109) and (7.110) the phase in the exponential satisfies the
Hamilton-Jacobi equation (2.44), while the one-loop pre-exponential factor is
subject to continuity type equation originating from the full quantum constraint
in the approximation linear in % [205, 206, 209]:

0

6—qi(v;P2) = U P?, (7.111)
W= OH, . (7.112)
i |p = 05/dq

Note a nontrivial right-hand side in the “continuity” equation, generated by the
anti-Hermitian part of H -

For a two-point kernel the Hamilton-Jacobi function coincides with the prin-
cipal Hamilton function S(q,¢’) (action on the extremal joining points ¢ and
¢') and the solution of the continuity equation can be found as a generalization
of the Pauli-Van Vleck-Morette ansatz for the one-loop pre-exponential factor
[224, 208] of the Schrédinger propagator. This generalization is nothing but a
Faddeev-Popov gauge-fixing [225] procedure for a matrix of mixed second-order
derivatives of the principal Hamilton function:

_ 9*S(¢,4)

Sipy = —— 0L 7.113
R (7.113)

which is degenerate in virtue of the Hamilton-Jacobi equations (2.44) giving
rise to the left zero-value eigenvectors (7.112) and analogous right zero-vectors

91f the observables satisfy the Poisson algebra {O7, O;} = UILJ Or+ Uf\JH)\, UILJ = const,
the above expressions are also modified by the trace of structure constants U{“L [209].
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[205, 206]:

: ’ ’ 6Hl/ /7 /

Vi S =0, Sy VE =0, VE = M . (7.114)

Wy |y =-8S/0q'
The pre-exponential factor reads

det Fypr 1/2

P = : 7.115

J(q)J(q') det C/u/:| ’ (7.115)

where Fj;. is a nondegenerate matrix of the initial action Hessian (7.113) sup-
plied with a gauge-breaking term

Fi = Sir + X4 e X, (7.116)

and J(q) and J(¢') are the Faddeev-Popov “ghost” determinants [225] com-
pensating for the inclusion of this term. They are constructed with the aid of
two sets of arbitrary covectors (x4, x%,) (“gauge” conditions) satisfying the only
requirement of the nondegeneracy of their ghost operators [205, 208, 206]:

JHq) =XV, J(q) = detJ} (q) #0,
T =xEVE,  J() = detJl(q) #0. (7.117)

The invertible gauge-fixing matrix c,,, and its determinant are the last ingredi-
ents of the generalized Pauli-Van Vleck-Morette ansatz (7.115).

Reduction to the physical sector

The interpretation of the semiclassical state (7.110), (7.115) is rather trans-
parent in the physical sector of the theory [205, 206, 208]. The sector explic-
itly arises after the reduction to physical variables by disentangling them from
the original phase space of (¢°,p;) in a unitary gauge. Such a reduction in
[205, 206, 208] was given for a special type of gauge conditions imposed only
on phase space coordinates ¢°, x*(q) = 0. These coordinate gauge conditions
determine the embedding of the (n — m)-dimensional space ¥ of physical coor-
dinates directly into the space of original coordinates ¢* — superspace. This fact
strongly simplifies the reduction of the semiclassical kernel (7.110), (7.115) to
the physical sector, because this reduction in the main boils down to the embed-
ding of the arguments of U(q, ¢’) into the physical subspace X. The geometry of
this embedding, considered in much detail in [208], can be better described in
special coordinates on superspace ¢ = (£4,0/), in which g4, A = 1,..n — m,
serve as intrinsic coordinates on ¥ (physical configuration coordinates), and 6*
is determined by gauge conditions:

q —q =(g"0"), ¢ =e'(g*,0"), 0" = x"(q). (7.118)
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The equation of the surface ¥ in the new coordinates is #* = 0, so that its
embedding equations coincide with the above reparametrization equations at
o =0, e'(g) = €'(g,0)

g =e(9), x"(e'(9) =0. (7.119)
The relation between the integration measures on superspace dqg = d"q and on

¥, dg=d"" Mg,

dg = dgs(x) M, () =[[6(x"(@), M= (det[e},el])™", (7.120)

involves the Jacobian of this reparametrization, built of the basis of vectors
tangential and normal to X:
Oe? . Oe’

67;4 = asﬁ, 6; = 39# (7121)

Note that m covectors normal to the surface can be chosen as gradients of gauge
conditions

ox*
oqt’

V! el = o, (7.122)
that can be identified with auxiliary covectors participating in the algorithm
for the pre-exponential factor (7.115). With this identification the Faddeev-
Popov operator JH(q,05/0q) coincides with the operator J¥(q) of this algo-
rithm (which explains the use of the same notation).

On the same footing with (€%, ef_t) as a full local basis one can also choose the
set (e'y, V?,) with vectors V!, transversal to ¥ given by eq.(7.112). The normal
vectors of the first basis when expanded in the new basis, e, = J = ¥ Vi +-Q4ely,
have one expansion coefficient always determined by the inverse of the Faddeev-
Popov matrix .J ! ; and, thus, independent of the particular parametrization of
3 by internal coordinates. The second coefficient is less universal and depends
on a particular choice of this parametrization. Missing information about Q"?
does not prevent, however, from finding the relation between the determinants

of matrices of the old and new bases:

. . J

det [e}y, V] = I (7.123)

The reduction to physical sector in coordinate gauges follows after identifying

¢g” with the physical coordinates. The corresponding conjugated momenta p4

can be found from the transformation of the symplectic form restricted to the
physical subspace (7.119)

[aunit= [ a (piezgf‘ n p‘%gj’”) , (7.124)
pa=Di€ls, (7.125)
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as projections of the original momentum to the tangential components of the
basis (7.121). The normal projections of p; should be found from the constraints
H,(q,p) = 0, the local uniqueness of their solution being granted by the nonde-
generacy of the Faddeev-Popov determinant. Together with (7.119) this solution
yields all the original phase space variables (¢°,p;) as known functions of the
physical degrees of freedom (g*,p4). The original action (2.124) reduced to
physical sector (that is to the subspace of constraints and gauge conditions)
acquires the usual canonical form with the physical Hamiltonian contributed
by the second term of (7.124) and Hy(g,p) when the latter is nonvanishing.
Note that generically, especially for systems with Hy(g,p) = 0, the canonical
gauge conditions should explicitly depend on time, x*(q) = x*(g¢,t), in order
to generate the dynamical evolution in reduced phase space theory [208, 206].
Therefore, the reduced symplectic form generates a nontrivial contribution to
the physical Hamiltonian, proportional to the time derivative of the embedding
functions (7.119) explicitly depending on ¢, ¢° = e*(g*,t). The total physical
Hamiltonian then takes the form

de'(g,t)

thys(g77r) = HO(qap) — P ot ( | ( ) )
q=q(g,7), p=p(g,T

(7.126)

where we retain for the sake of generality also the nonzero Hamiltonian Hy(q, p).

Canonical quantization of such a classical system runs as usual along the lines
of a particular representation and operator realization in the Hilbert space of
the theory. In the one-loop (linear in ) approximation with the Weyl ordering of
the above Hamiltonian this quantization is basically exhausted by the unitary
evolution kernel U(t, g|t’,g’) of the Schrodinger equation. In the coordinate
representation it is given by the well-known Pauli-Van Vleck-Morette ansatz
[224]

P 928(t. gl gV LS(t, gt g
Upnys(t, 9lt',g') = LA (CY LY 2) R o1 9)

IR YT . (7.127)

where the principal Hamilton function of the physical variables S(t, g|t’, ¢') is a
classical action evaluated at the classical extremal passing the points ¢’ and g
respectively at initial ¢’ and final ¢ moments of time. The pre-exponential factor
here is built of Van Vleck determinant and guarantees in the approximation
linear in A the unitarity of the Schrédinger evolution of the physical states

w(t,9)
Ponys(t,9) = / dg’ Upnys(t: 91t', ') Tonys(t', 9) (7.128)
in the Hilbert space with a simple L? inner product (denoted by round brackets)

(e Tphya) = / A9 0o (9) Doty (9). (7.120)
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The unitary map between the reduced phase space quantization of the above
type and the Dirac quantization of Sects. 7.2.—7.4. consists in a special relation
between the two-point kernel (7.110) with prefactor (7.115) and the Schrédinger
evolution operator (7.127) [205, 206, 208]. This relation is based on the equality
of the principal Hamilton functions in the original constrained theory and the
reduced one and its corollary — the relation between their Van Vleck matrices

S(t,glt',g") = S(q,q) , (7.130)
q=e(g,t), ¢'=e(g’,t")
o 0%S(tglt.d
Sikehelp = It gt g) (7.131)

0g4 OgB’

Decomposing the gauge-fixed matrix (7.116) in the basis of vectors (%, V1,)
and using (7.123) one then easily finds the needed relation [205, 206, 208]

Uphys(tv g|t/7 g/)
J 1/2 J 1/2
= (M> U(g:q") </\/l’>

This is the semiclassical (one-loop) implementation of the relation (7.11) for-
mulated above.

This relation implies that the kernel U(q,q’) similarly to the Schrodinger
propagator Upnys(t, g|t’, g") can be regarded as a propagator of the Dirac wave
function ¥(q) in superspace. Indeed, introducing the following map between
¥(q) and Ppnys(t, g)

+O(h). (7.132)

q=e(g,t), q¢'=e(g’,t")

1/2
Uphys(g,t) = <M) ¥(q) + O(h) (7.133)

g=e(g,t)

and taking into account the relation (7.120) between the integration measures
on superspace and the physical space ¥, one finds that the propagation law
(7.128) in g-space can be regarded as a projection onto (t) of the following
propagation of the Dirac wave function ¥(q) from the initial Cauchy surface
Y (t') in g-space to the entire superspace:

U(q) = /dq’ Ulg,q) 6(x(q’,t’))J(q’, _8Séqq,,q’)) U(¢) + O(h). (7.134)

Here the actual integration runs over the initial physical space 3(t'). However,
the integration measure involves not just local quantities at this surface, but also
the normal derivatives of the kernel (or the wave function ¥(q’) itself) arising in
the one-loop approximation as a Hamilton-Jacobi argument p = —9S(q,¢')/9¢

of J(g,p).
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Semiclassical physical inner product: Hermiticity
and gauge independence

The unitary map from the Dirac quantization to the reduced phase space quan-
tization (7.133) suggests that the simple inner product (7.129) of the former
quantization scheme induces a correct physical product in the latter one

<¢/ | v >phys = (wr/)hys|wphys) (7135)

on account of the relation (7.133) and the change of integration variables
(7.122). The result for semiclassical states of the form (7.109) looks exactly
like (7.81) [204, 205, 206], where the delta-function of gauge conditions deter-
mines the (n—m)-dimensional physical subspace ¥ embedded in superspace and
J(q,05/0q) is a corresponding Faddeev-Popov determinant with the Hamilton-
Jacobi value of the momentum®®.

Thus, in the one-loop approximation we have a complete agreement between
the reduced phase space (ADM) quantization and the BFV induced Dirac quan-
tization method of Sect.7.4.. The same can be done for the semiclassical solution
of quantum Dirac constraints. While here the two-point prefactor (7.115) was
obtained by directly solving the quantum Dirac constraint, the same can be
done by calculating in the one-loop approximation the path integral (7.102) in
the relativistic gauge of the form N* — y*(¢,p) = 0. This was explicitly done
in [226, 227] with the same result (7.115).

It remains to discuss the Hermiticity and gauge dependence properties of rel-
evant observable matrix elements relative to this physical inner product. When
it is rewritten in terms of the auxiliary inner product with the delta-function
type operator measure

(W' |9 )phys = (P'] JS(X) |¥) + O(n), (7.136)

the Hermiticity of the observable (7.107) with a real O;(q,p) immediately fol-
lows from the relation [209] (&' |[Or, J3(X)] — ihV{\ | @) = O(h?). Thus, O;
is Hermitian with respect to (...|...)phys, even though it has an anti-Hermitian
part, OF = O; — iV} + O(h?) with respect to (...|...).

The gauge independence of the physical inner product is based, as shown in
[206, 207], on the fact that it can be rewritten as the integral over (n — m)-
dimensional surface ¥ of a certain (n —m)-form which is closed in virtue of the

10Tn eq.(7.81) the product of two semiclassical wave functions ¥"*W; = P’* Pexpli(S’ —
S)/h] involves two different Hamilton-Jacobi functions, so that it seems ambiguous on which
Lagrangian manifold (p = 8S5/8q or p = 8S’/0q) the relevant momentum argument of J(q, p)
should be constructed. One should remember, however, that in semiclassical expansion the
integral is calculated by the stationary phase method in which a dominant contribution comes
from the stationary point satisfying 051/9q = 8S2/dq. This makes these Lagrangian surfaces
to coincide in the leading order, their difference being treated perturbatively in h.
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Dirac constraints on physical states
(!I/I | % >phys _ / w(n_yn)7 dw(n—m) =0, (7.137)
b

dg® A ... A\ dgin—m

(n—m) _
v (n —m)!

€, 0, WV i (T.138)

It follows then from the Stokes theorem that this integral is independent of the
choice of ¥ in the class of surfaces the cobordism between which is enforced by
some regular (n —m + 1)-dimensional subspace of the g-space.

The closure of w(»~™) is a corollary of the approximate continuity equation
for "W, (VI W"™*¥)/dq" = U[L\AJ/'*!P + O(h), where the correction O(h) is
due to the difference between the momentum arguments related to different
Hamilton-Jacobi functions p’ = 85’ /9q and p = 95/9q, which goes beyond the
one-loop approximation (see the footnote 9).

A similar gauge independence property holds for the matrix elements of phys-
ical observables, which only differ from (7.137) by the presence of O;(q, 9S/9q)
in the integrand, and follows from gauge invariance of O;. Thus, as it should
have been expected from the theory of gauge fields and BFV formalism the
gauge independence of the physical matrix elements or expectation values of
observables follows from the gauge invariance of the latter. This is true not
only at the formal path-integral quantization level, but also in the operator
Dirac quantization scheme.

The exterior form representation (7.137)-(7.138) of the physical inner product
gives a correct understanding of the Wheeler-DeWitt conserved current (7.54) —
this is a flux of the (n—m)-form through the (n—m)-dimensional surface X' in ¢-
space, defined by (7.119). In fact, this surface is a coordinate physical subspace
embedded into the coordinate configuration space of ¢. The codimension of this
surface is the range of the index p enumerating the constraints — m, therefore
the flux conservation through such surface requires not one, but rather m conti-
nuity type equations. The analogy with the Klei-Gordon type current becomes
stronger if we notice that each V?, factor in the definition (7.138) of w(»~™ can

"
be represented as a result of action of the Wronskian type operator

1 (0H,
2 8pi
on the wave functions ¥ and ¥'*, with ho /i0q acting to the right on the factor ¥

%
and % 0 /idq — to the left on the factor ¥'* [207]. For the Hamiltonian constraint
H,, with g = (L,x) this is a first order differential Wronskian operator,

E abcd x ? _ % abcd x
: (G 09 50 S O )). (7.140)

_ 0H,
p=hd/idq Ipi

p_%/w) +0(h) (7.139)

The product of m = 4 x00? such operator factors in (7.138) is what distinguishes
Einstein field theory from the relativistic quantum mechanics of a single Klein-
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Gordon equation corresponding to m = 1. Unfortunately, this analogy has not
yet been extended beyond linear order in A to get exact conservation law for a
flux of many Klein-Gordon type equations subject to a commutator involution
of the Dirac constraints type.

In a spatially closed gravitational system with Hy = 0 a time evolution
arises due to the choice of explicitly time dependent gauge conditions, which
according to (7.119) implies the motion of this physical subspace in super-
space of 3-metrics g. The one-parameter family of such surfaces ¥'(¢) induces
the nonvanishing values of lapse and shift functions N* = —J=#ax* /0t (cf.
Eq.(3.15)), which according to (2.63) determine the “velocity” of the motion of
the 3-dimensional spatial section in spacetime. This is the way how a “frozen”
formalism becomes evolutionary due to the imposed time variation of gauge con-
ditions. Such time evolution enters the construction of quantum averages via
explicit time dependence of the operator measure in the physical inner product,
M, = 5(X(q,t))jt + O(h), Jy = det[x*(q,t), H,(q,p)]/ih. As a result, quantum
averages of generic operators become t-dependent even though the Wheeler-
DeWitt wave function ¥(q) is constant in time. The nontrivial conservation in
time of such averages for matrix elements between different Dirac states is the
manifestation of unitarity that was checked above both at the reduced phase
space quantization level and in the Dirac-Wheeler-DeWitt formalism.

7.6. Problems and prospects of quantum gravity
and cosmology

Thus, the reduced phase space (ADM) quantization and quantum geometrody-
namics — Dirac-Wheeler-DeWitt quantization, the latter generated by the trun-
cation of the operator BFV formalism, form equivalent theories. The picture of
this equivalence still suffers from a number of inconsistencies and unsolved is-
sues. To begin with, unitary equivalence of these two schemes (7.133) is likely to
be restricted to the one-loop approximation for semiclassical states. Apparently
the most consistent and universal technique is the operator BEV/BRST quan-
tization. Due to embedding of the theory into extended relativistic phase space
of gauge and ghost fields it has the most efficient tools and a lot of gauge fixing
flexibility for the analysis of gauge invariance properties, gauge dependence is-
sues, etc. In this regard, the efficiency of the Dirac quantum geometrodynamical
approach is much lower, and for the ADM quantization it is nearly absent at
all in view of the necessity to solve explicitly complicated nonlinear constraint
equations and to deal with spacetime nonlocality.

The problem of the choice of a good gauge-fixing procedure is another funda-
mental issue in quantum geometrodynamics. Note that, similarly to the Wron-
skian inner product of the Klein-Gordon equation, the flux of the current form
(7.137)-(7.138) is not positive definite. At the classical level this is equivalent
to the statement that the determinant factor J(g,p) = detJ¥(q,p) generally is
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not positive definite either. But the degeneration of the Faddeev-Popov func-
tional matrix J¥ (g, p) means the breakdown of the gauge fixing procedure (the
analogue of the Gribov copies problem in Yang-Mills gauge theories [228, 229]).
The canonical gauges x*(q,p) that would avoid this problem are, to the best
of our knowledge, not known (the discussion of Gribov copies in cosmological
context can be found in [230]). This would motivate in analogy with the sec-
ond quantization of Klein-Gordon equation and secondary quantized string field
theory the so called third quantization of gravity targeting once very popular
speculations on the physics of multiple baby universes [231].

Another difficulty in quantum geometrodynamics is lacking manifest space-
time covariance which is critical for the studies of ultraviolet divergences. The
reader might have noticed that the superspace dimensionality and the number
of spacetime diffeomorphisms was silently denoted by n and m which in pure
4-dimensional gravity are divergent quantities n = 6 x co® and m = 4 x 003,
so that majority of constructions underlying the Wheeler-DeWitt equation are
purely formal. Commutators of phase space coordinates and momenta in lo-
cal quantum constraint are divergent ~ §(3) (0), traces of structure functions
also represented pure divergences U, ~ 5(3)(0), etc. All these expressions re-
quire regularization and renormalization, which is hard to render covariant in
manifestly noncovariant formalism.

The path integral method which is a central point of the BFV quantization
has an efficient means to overcome this difficulty — integration over phase space
momenta converts the path integral to the Lagrangian form [213, 46] which in
a special class of background covariant gauge conditions allows one to enjoy all
the advantages of the manifestly covariant treatment. A covariant regulariza-
tion allows one to minimize the violation of classical symmetries of the theory
at the quantum level. In this respect, the path integral representation is what
one needs — calculating this integral by the technique of covariantly regularized
Feynman graphs is a right alternative to the attempts of directly solving the
Wheeler-DeWitt equation. This really denies disparaging remarks on this equa-
tion, mentioned in Preface, as an absolutely useless tool in quantum gravity
and explains its first principle founding nature. Like Schrodinger equation in
quantum field theory, it lies at the foundation of the theory, though in concrete
applications it gives way to a more efficient but a derivative tool — path integral
method.

The realization of this strategy for the two point kernel (7.102) gives it as
a projector onto the space of solutions of Wheeler-DeWitt equations, acting in
superspace of 3-metrics and matter fields ¢* = (gap(x), ¢(x)).

Ulgsy(x), 7 (%) [ g5,(%), 7 (x) ] Z/D[gw,fb]eis[gwﬂ. (7.141)

Here S| g, ¢] is the covariant action of the gravitational and matter fields, the
details of Faddeev-Popov’s gauge fixing procedure are hidden in the measure
D[guv,¢] and the integration runs over gravitational and matter spacetime
histories ¢*(t), N*(t) = (9 (2), ¢(x)), z = (t,x), interpolating between config-
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urations at initial and final spatial hypersurfaces (labeled by t4),

Jab(x, 1) = g (%), G(x,t1) = 9™ (x). (7.142)

Depending on the choice of these configurations and possible analytic con-
tinuation of the time integration contour between ¢_ and ¢, into the complex
plane (Euclidean time or “Euclidean quantum gravity”) this path integral gen-
erates various prescriptions for a cosmological quantum state. These prescrip-
tions include, in particular, the Hartle-Hawking no-boundary [232, 233] and
the tunneling [234, 235, 236, 237] quantum states of the Universe, which are
usually associated with creation of the Universe from “Nothing”. The last two
decades, with the advent of precision cosmology, are characterized by a growing
interest in cosmological inflation theory that is widely recognized as underlying
the observable large scale structure of the Universe. This explains the interest
in these two quantum states as they, with this or that level of success, describe
the origin of inflationary Universe.

Even more appealing sounds a recently suggested construction of the initial
cosmological state as a microcanonical density matrix [238, 239]. This density
matrix is proposed as a projector on all possible solutions of the Wheeler-
DeWitt equation (7.141). The motivation for such a proposal is the principle
of Occam razor — minimum set of assumptions, because this is an ultimate
equipartition in the full set of states of the theory — “Sum over Everything”
[239]. Creation of the Universe from “Everything” is conceptually more appeal-
ing than creation from “Nothing”, because the democracy of the equipartition
better fits the principle of Occam’s razor than the selection of a concrete state.

The statistical sum of this microcanonical state is the trace of U over the
physical configuration space, which has a representation of the covariant path
integral over periodic in time histories of gravitational and matter fields [210]

7 = trpnyslU = /quU(q,q’)

d— / D[ gy, @] eSlon?l(7.143)

periodic

Semiclassical calculation of this integral by the saddle point method runs in
a manifestly covariant formalism which admits covariant UV renormalization
underlying nontrivial quantum scaling behavior which in its turn is generated
by a conformal anomaly of matter fields [238, 239].

This leads to numerous new physical effects in the theory of very early quan-
tum Universe, which are impossible within the no-boundary and tunneling pre-
scriptions. These effects culminate in the prediction of a new type of inflationary
scenario with a bounded sub-Planckian energy scale [238, 241], which incorpo-
rates models of the Starobinsky R2-inflation and Higgs inflation [240]. These
models give, as is widely recognized, the best explanation of the observable cos-
mic microwave background (CMB) data and even establish intriguing relation
between the basic parameters of this data and the mass value of the recently
discovered Higgs boson [242, 243]. There is a lot more in store for us, which is
ultimately based on the Dirac-Wheeler-DeWitt quantum geometrodynamics!



Appendices

Al. Geometry of manifolds

This appendix contains a brief summary of definitions of the basic concepts of
the differential geometry of manifolds used in the main text. The details and
proofs of facts collected here can be found in [2, 3, 4, 24].

Manifold

Let M be a topological Hausdorff space with a countable base (the Hausdorff
property means the separability of points in the space M in the following sense:
for any p,q € M, there are open neighbourhoods U, 3 p and V; 3 ¢, such that
U, NV, = 0). The space M is called an n-dimensional smooth manifold, if it
is locally homeomorphic to R™, i.e., 1) for each open set U; (the collection of
which covers the whole space LlJqu = M), a homeomorphism ¢; : U; — R™ to a

region of R" is defined, which means the introduction of the local coordinates
z'(p), -+, 2" (p) for the points p € U;; 2) in the intersections U; N U; # 0, the
composition of maps ¢; O%‘_l : R™ — R™ is defined which is a smooth function
of its arguments. For simplicity, the smoothness is understood everywhere as
an infinite differentiability. The pair (U;, ¢;) is called a chart, and the complete
set of consistent charts (in the sense of the smoothness of transition functions
in the intersections) is called an atlas of the manifold M.

The local properties of manifolds are clarified when studying the tangent
spaces. One can define the tangent vector X, at the point p € M as the lin-
ear differential operator acting on the set of smooth functions defined on the
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manifold M in the neighbourhood of the point p, that satisfies the condition
X(fg) = X(f)glp) + f(p)X(9),Yf,g. The set T,M of all tangent vectors at
the point p € M constitutes an n-dimensional linear vector space and is called
a tangent space to M at a point p. The operators (0,), = (9/9z"), [where
o, pp=1,---n, are the coordinates in the local chart and (0,),f = (0.f),)]
constitute the basis in T, M, which is called the coordinate basis. Any vector
X, is represented by the linear combination X = X*(p)0d,,.

Let M and M5 be the smooth manifolds. The mapping f : M; — M, is called
a differentiable mapping, if in any local charts (U;, ;) in M; and (V},4;) in
M the composition ;o fop; ! is a differentiable function. The differentiable
mapping f determines the mapping of the respective tangent spaces: a tangent
vector X, at the point p € M; is mapped to the vector Y, = f.(X,) at the
point ¢ = f(p) € My in accordance with the rule f. (X) (g9) = X(gof) for any
smooth function g: Ms — R. The map f, is called a differential of f; this map
is also often denoted as df .

We say that the smooth vector field X is defined on M, if each point p € M
is mapped to the vector X,, € T,M and for any smooth function f on M
X, (f) = (X f)(p) is a smooth function.

The space of linear forms 7},* M dual to T,M is called a cotangent space at
a point p € M. In the local coordinates {z*} in the neighbourhood of p, the
basis in T,,* M can be defined by the set of differentials (dz', dz?, ..., da™),
the latter basis is dual to the coordinate frame basis {0, }.

Using T, M and T)," M, one can consider arbitrary rank tensors as the elements
of the tensor products TyM @ --- @ TyM @ T, M @ --- @ T," M.

In the local chart {#*}, any smooth tensor field T covariant of the rank k
and contravariant of the rank [ is defined by its components T}/ (x) — the
smooth functions of coordinates

T=T)" "} 0u ® @0, @dz"" @ - ®da™.
When changing the coordinates # — y*(x), the tensor components are trans-
formed as

IRk pan o oyt Oyhr P ozP
vV BB g T g gy T gy

in accordance with the transformations of bases of the tangent and cotangent
spaces

o 0" D a0

Syr ~ ayr o 9 ™

Differential forms

The elements of the cotangent space w € T,* M, defined at each point p € M,
are called a smooth differential 1-form, if in the local coordinates {z*} the
decomposition coefficients of the form w with respect to the basis of T, M,
w = wy, () dz* are differentiable functions.
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The exterior product of spaces T}," M is defined as a totally antisymmetrized
tensor product

T,"MA---NT,"M = altern(T," M @ --- @ T," M).

The elements of space A¥(T,"M) — of k-th exterior power T,"M — are the
completely antisymmetric covariant tensors

w = o Wpy ooy, (@) dHE A - A datE Why oo = Wipopi]-
If at each point p € M, the element from Ak(Tp*M ) is defined such that the
coefficients w,,, .. ., () are smooth functions, we say that an exterior differential
form of rank k is defined on the manifold M. The space of all k-forms on M,
is denoted by A* (it is clear that A = (), if & > n = dim M ). The direct
sum A* (M) =A@ At @ ... A" is a linear space (with an obvious definition of
the sum and multiplication) and the introduction of the operation of exterior
product in it converts A* (M) into an algebra. In the local coordinates {x*},
the exterior product of a k-form
1

w = o Wiy oo AP A - A dE

and an [-form )
¥ = n Pp.ppi AT N N dt

is defined as a (k + {)-form 0 = w A ¢,

1
7= (k + l)[ O'Hl.“uk“dz'ul Ao A dtett
where
(k+1)!
Op.pippr = Ww[p‘l“'“k@#k+1“'”k+l}'

The exterior product is non-commutative:
@A@:@DMQA@.

For a differentiable mapping f : My — M> along with its differential f, :
TM, — TM,, the dual mapping of forms (which called a pull-back map) is
always determined: the form ¢ on My is mapped to the form w = f*p on My,
so that f*o(X1,...,Xk) = o(fuX1,..., f+Xk), where Xq,..., X}, € T,M;.

The operation of exterior differentiation is most important notion of the ex-
terior algebra. The mapping d : A* — A*t! is called the exterior differential, if
it has the following properties: the Leibniz rule d(w! Ap) = dwA@+(—1)  wAdp
with w € A% for O-forms (functions on M) d coincides with the differential df;
and d is nilpotent, d2 = 0. In the local coordinates

(k) 1

d w= T 8[Mwuzmuk+1] dz"* N dxh? Ao A dxPEt
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If M is a Riemannian space with the metric g, (z) of the signature p, then
the operation of dualization is defined on the exterior algebra, or the Hodge
(“star”) operator * : A¥ — A"~F. In the local coordinates, this mapping has
the following form:

(k) 1
"es m 6H1.4~Mn7kV1~--kaV1.”dexm TARRRNA dx#n_kv
where €,,. 4, is totally antisymmetric Levi-Civita tensor density. From the
definition, we have a property

Kk (o].c)): (fl)k("fk)“’ (olj) .

The theory of integration of exterior forms on manifolds can be studied in
[3, 4]. Here, we will confine ourselves to the local definition only. Every smooth k-
form w on the manifold M,, defines on any k-dimensional hypersurface Ny, C M,
a k-form v*w, where v : N, — M, is the relevant embedding map. If the local
coordinates (y'... y¥) are chosen in a region U C Nj, the integral of the
form w over U is defined as the number fU('y*w)lg__ikdyl ... dyk. This number
is denoted as [, w. The invariant integral over the entire k-hypersurface [, w
is then determined using the natural matching of the integrals over the charts
covering Np.

Bundles

The notion of a bundle space is very important in physics, because it formalizes
the idea of an “internal space” of states in which a physical system can be in
each point of the spacetime.

Let V,,, be an m-dimensional vector space, and the action of some group G :
G x V™ — V™ is defined on it. Then, the trivial vector bundle over M is called
a direct product V™ x M = FE, where the action of the group G: G x E — E
is naturally defined: © = (v,z) € E is mapped into gu = (gv, z). The manifold
M is called a base of bundle E, V™ is a typical fiber of a bundle, and G is a
structural group. The generalization of this structure is a locally trivial bundle
E(M,V,G, 7). By definition, this is an (m +n)-dimensional smooth manifold £
where the projection 7 : E — M is defined, and in addition there is a smooth
atlas, UU; = M, such that for any point x € M there is a neighbourhood

K3

U; 2 x, the preimage of which 7=(U;) is diffeomorphic to V' x U; (the local
triviality), and the corresponding diffeomorphisms ¢; : 7= 1(U;) — V x U; are
identical, i.e., for (v,z) € V x U; one has WOQD;I (v,z) = z. In addition, in the
intersection regions U; N U; # 0, the diffeomorphisms are compatible in the
sense that ¢; Lo ¢j = g € G determines an automorphism of the fiber V' under
the action of the structural group G. If the smooth manifold V is a space of a
linear representation of the group G, i.e., it is an m-dimensional vector space,
the bundle E is called vector bundle.
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An example of the vector bundle is the 2n-dimensional manifold defined as
UM T,M = TM which is called a tangent bundle.
zTE

When the fiber coincides with the structural group V = G acting on itself by
right shifts, the bundle is called a principal one. It denoted by P(M,G). where
P is a bundle space, M is its base. In a certain sense, the notion of a principal
bundle generalizes the notion of the Lie group, since formally it is nothing but
the collection of the copies of the group G “numbered” by the points from M.
Its properties are described in details in [3]. Here we mention just one important
mathematical fact. It is known that the Lie algebra G generates an action on the
Lie group G: namely, every element a € G generates a one-parametric subgroup
in G by means of the exponential map exp a. As a result, in the principal bundle
P(M, Q) the right action of G on P induces a natural homomorphism of the
Lie algebra G into the Lie algebra of the vector fields on P: for a € G the
corresponding induced vector field a* on P is called a fundamental vector field.
By construction, a* is tangent to the fiber, i.e., it is a vertical vector field,
m.(a*) = 0.

Let the action of the group G be defined on a smooth manifold V. Then,
for the principal bundle P(M, G) one can introduce an associated bundle with
V as the typical fiber: E (M,V,G, P) = (P x V)/G, where the factorization is
considered with respect to the equivalence relation defined on P x V by the
natural right action G, namely, (p,v) g = (Rgp,g_lv) VpePuveV,ged.

The example of the principal bundle is the bundle of linear frames L(M)
with a structural group GL(4, R) (see Sec. 5.2.), and the tangent bundle can
be considered as an associated one with it.

The smooth mapping o : M — E(M,V, Q) such that moo = idy, is called the
cross-section of the bundle E. The cross-section of the principal bundle exists
only if P = M x G is the trivial bundle [3, 4].

Let H be a subgroup of the group G and P(M, H) is a principal bundle
over M with a structural group H. The mapping f : P(M,H) — P(M,Q) is
called the reduction of the structural group G to the subgroup H, if the induced
mapping f : M — M is identical, and f : H — G is a monomorphism. Then
the subbundle P(M, H) is called the reduced bundle. One can prove that the
necessary and sufficient condition for the reduction of the structural group G
of the principal bundle P(M,G) to a closed subgroup H is the existence of a
cross-section of the bundle F(M,G/H, G, P) associated with P with the typical
fiber G/H, [3].

Connection

The gauge field in the geometrical approach in the field theory is identified
with a connection in the bundle space. Let P(M, G) be a principal bundle. The
connection in P is a smooth mapping p, of the tangent space to the base into
the tangent space to the bundle, p, : T, M — T, P (with 7 (p) = x) such that
the horizontal subspace H, = p, (T, M) is invariant with respect to the action
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of the group G on P and 7, o p, = id, _,,. The smoothness is understood as
a smooth dependence of p, on p € P. Thus introduced connection defines the
unique partition of the tangent space T, P = H,, ® V,, into the direct sum of the
horizontal H, and the vertical V,, subspaces. The latter subspace V,, is formed
by the tangent vectors to the fiber, and therefore, it is isomorphic to the Lie
algebra of the group G. Observing this, one can give an equivalent definition
of a connection. We say that the connection is defined in the bundle P(M, G)
if a 1-form of w with the values in the Lie algebra of the structural group G is
given on P, such that w(a*) = a and Ry*w = g 'wg for all a € G and g € G.
One can show that definition of the connection 1-form w in P is equivalent to
the existence of a set of 1-forms w; on the base space M, which are determined
for any 7 in the corresponding chart U; (where {U;} is an open covering of M)
by the local cross-sections o; : U; = P, so that w; = o} w. Other properties of
the connection are discussed in detail in [3, 4].

The gauge field strength coincides in the local coordinates with the compo-
nents of the curvature of connection in the principal bundle. The form of the
curvature R of a connection w on P is 2-form with the values in the Lie algebra
of the structural group G, which is determined as exterior covariant differential
from w:

R(X,Y)=Dw(X,Y) =dw(hX,hY), X, Y € T,P,

where h is a projection to the horizontal subspace H,. The curvature satisfies
the structure equations [3, 4]

dw(X,Y) = — % Ww(X),w()] +R(X,Y), XY €ET,P.

Here the square bracket [, ] denotes the Lie algebra commutator.

The definition of a connection w determines the parallel transport of the
vectors in the bundle associated with P, as well as introduces the covariant
derivative in E(M,V, G, P), [3].
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A2. Spinor analysis on an arbitrary manifold

Let us consider the spinor bundle, the typical fiber of which is a two-dimensional
complex vector space Ss, the structural group is GL(2,C), and the base is a
spacetime M. It is more convenient to work in the local chart, where the main
object of our investigation — the contravariant spinor of the 1st rank is a two-
component complex field

o (6@
()
The spinor indices run the two values, A, B,C,--- = 1,2. When changing the

local basis, the spinor is transformed as
A =L, LY eGLR,0).

As usual, the bilinear non-singular interior product (S2 x Sy — C) is in-
troduced in the space Se, which in local basis is set by antisymmetric matrix

81, 82]
0 1
EAB = .
-1 0

The elements of the dual spinor space — the covariant spinors (£ 4 in local basis)
are transformed under the action of L™1 € GL(2, C). Raising and lowering of the
indices can be performed with the help of e 45 and €45, where eB4epc = 5@.

In addition, we define the bundle with typical fiber Sy over My, which is called
the conjugate spinor space. The elements of the fiber (?2)96 over the point = in
the local chart are the complex-conjugate quantities to spinors from Sy. They
are denoted by U4 = (\I/A)*7 and they are transformed under the action of
the complex-conjugate matrix L4 5= (LAB)*. In S, the bilinear non-singular
antisymmetric interior product is also introduced in local basis by the matrix
€ip = (€aB)".

Spinors of the higher ranks are defined as the elements of the tensor products
Sy ®--® 8 ®...8 ®...85 and are transformed in an obvious way as the
products of the 2-spinors of the first rank.

The linear connection in the spinor bundle is defined by the corresponding
1-form with the values in the Lie algebra gl(2,C). For a local cross-section —
the spinor field {(x) — this introduces the coefficients of the local connection
wy(x) which under the change of the local basis are transformed according to
wy = w,' = Lw, L™+ L, L~'. Accordingly, the covariant derivative of spinor
fields is defined by

A A A c D A
D& p =0, g+wionl 5 —wp, & p
Such a general gl(2, C')-connection in the spinor bundle is not consistent with
the interior spinor product in the sense that

D eac =2wiac) = Pucac,
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P = wAAH is the trace of the coefficients of the spinor connection.

Until now, the properties of the spinor bundle were considered separately from
the geometry of the base space, since its own structure (the interior product,
connection, etc.) can be defined quite independently. However, developing a
consistent gauge approach to the gravitational field, we now will establish a
relation of the spinor structure with geometrical spacetime structures. This
issue is the most important one in the construction of the spinor analysis on an
arbitrary manifold.

Let us make use of the fact that there exists a fundamental isomorphism of the
space (52%32);5 (the index H means the Hermitization) at a point x € My and

the tangent space T, M. For the typical fibers So®S5 and R?*, this isomorphism
H

determines an arbitrary 4-vector as a linear combination of pairs £4n%.

In the local chart, the aforementioned isomorphism is established with the
help of the fundamental spin-tensor objects (the generalized Pauli matrices)
9% i = — (9% ip)" (the Latin indices a,b,c,--- = 0,1,2,3 refer to an arbitrary
Lorentz frame in T, M). The matrices g* , ;; satisfy the postulate

gaAngcB _ 77ab 5.»3 + 5 5ab6dgcABgd03; (A21)
and are arbitrary in other respects. The generalized Pauli matrices can be chosen
at one’s convenience. We will use a particular representation:

PP = i1, MP =ik k=123,
where 1 is the 2 x 2 unit matrix, and ¢* are the standard 2 x 2 Pauli matrices.
The important consequence of (A2.1) is the relation

gl@lABlgh) o = b 4, (A2.2)

which provides a link between the world metric and the spinor interior product.
As usual, their consistency is achieved with the help of the translational gauge
gravitational field — the tetrads hj, which introduce the world Pauli matrices
9" 45 = htg® 45, and hence obviously modifies (A2.1), (A2.2).

One can make the connections (I'*;, and w4 Bp) compatible by imposing a
natural requirement of coincidence of the covariant derivative of a 4-vector with
respect to the connection I' on My and the covariant derivative with respect to

w of its spinor image under the canonical isomorphism. Then we postulate
VH gVAB = § uuAg)\ABa (A23)
which is consistent with (A2.2).

The equation (A2.3) is easily solved with respect to the spinor connection by
multiplying it by ¢” . and using the property (A2.1):

1 =)
WAB;L = Zf[ab]u S abAB’ (A24)
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(=) : (=) (=)
where § @45 .= g["'AC‘gb]BC. The spin-tensor is symmetric S ab  p = gabg,
(=) (=) ;
and anti-self-dual, *§ 45 = —i S *®54. In a similar formula for WAB,u in-

stead of (S) one has the self-dual spin-tensor (:St)abAB = glalCAl bl cB-

The connection (A2.4) is determined up to a term iA,, §a, where A, is an ar-
bitrary real vector, usually related to electromagnetic field, which was assumed
to vanish.

Computing the commutator of the covariant spinor derivatives, one can ob-
tain the expression for the spinor curvature

A A A A C A e}
R Buv = OpWw BV_aI/w B,u,+w CuW By —W CcvW  Bu

in the form -
RAB/,LV = iRabuu(F) S abAB>
and similarly for R4 B
The equation (A2.4) shows that the Lorentz (the Riemann-Cartan) part of the
connection I'(4p),, interacts with the spinors in a conventional minimal coupling
manner, while the non-metricity is represented only by the Weyl vector K,,. This
agrees with the fact that the structural group of the spinor bundle GL(2,C)
is isomorphic to the Weyl group (which is the direct product of the Poincaré
group Ppg by the 1-dimensional Abelian group of dilations R'), multiplied by
the group of the phase transformations.
The transition from the 2-spinors ¢4 to the bispinors (or the 4-spinors of
Dirac) is straightforward:
A
v 3
NA

The 4 x 4 Dirac matrices then read

0 g/,LAB>
’YIJ/ = ( .
9" B 0

With our choice of the generalized Pauli matrices, these Dirac matrices repro-
duce Weinberg’s [192] representation. The Dirac matrices satisfy

v v 7: ro
P =g+ et P yav8Ys, (A2.5)

where 75 = Z—feaﬁwva’yﬁ’y“v” = —i'yﬁvi'yﬁfyé, and I is a 4 x 4 unit matrix.
From these fundamental relations, one straightforwardly derives

,y[a,yﬁ],yu _ 7u,y[ouyﬂ] -9 (,yagﬁu _ ,yli’gw) ,
VPt 4 ypalanfl = 246080y, s,
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Finally, we define the covariant derivative of 4-spinors: D,V = 0, ¥ + w, V.
Similarly to (A2.3), we impose the compatibility condition

v v 124 v 124 1 124
Dyy” = 97" + T\ +wuy — Wy = = 5 Ky 7,

which is consistent with the symmetrized relation y(#4*) = g I, see (A2.5).
Note that Vg = — g"“g"P K a5 = — K \*. The solution of the compatibil-
ity condition is straightforward and represents a 4-spinor generalization of the
connection (A2.4)

1 a
We = F[ab]ﬂ'y[ A (A2.6)
Hence, the covariant derivative of 4-spinor reads
1
D = 0, + w, ¥ = 0, ¥ + I NICl (A2.7)

The covariant derivative of the Dirac conjugated spinor ¥ = W3 has the fol-
lowing form:

— — — 1 —
Dy¥=0,¥ - Tw, =0,V -7 Ty, 0719 (A2.8)

It is worthwhile to note that for the metric with the signature (—, +,+, +) the
Dirac conjugation is defined by the matrix 8 = i7°, and the Dirac matrices are
anti-Hermitian in the sense [192]

Byt B =7

In Weinberg’s representation we explicitly have

kS
I

and hence 82 = 1.
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A3. Basic notations

We summarize here the basic notations and conventions used in the book.

Indices

Greek indices o, 8,--- = 0,1,2,3 refer to the local world coordinates on the
spacetime manifold. Latin indices a,b,c,--- = 0,1,2,3 label the local Lorenz
(tetrad) components, except for the Chapters 2, 3, and 7, where the indices
a,b,c,--- = 1,2,3 refer to the 3-dimensional (spatial) coordinates. Separate
local Lorentz components are denoted with hats over the index, to distinguish
them from the world components. E.g., v° is the 0-th component of a vector
with respect to the orthonormal tetrad, in contrast to the 0-th component v°
in the coordinate basis. The upper case Latin indices A, B,C,--- = 1,2 label
the spinor components.

Metric

The spacetime metric in 4 dimensions has the signature (—,+,+,+), unless
the other signature is assumed. Its determinant is ¢ = |*g| = — det g,,. In
Chapters 2, 3, and 7, the determinant of the 3-dimensional (spatial) metric is
denoted as g'/? = (det gab)l/ 2, The totally antisymmetric Levi-Civita tensor
density is €ypa8 = /9 Muvas, Where the completely antisymmetric symbol has
the only nontrivial component 79123 = +1. The scalar product for the spinors
is defined by eap = —epa.

Derivatives

The partial derivatives with respect to the spacetime coordinates are denoted

% = 0, = .- The Riemannian covariant derivatives (defined by the Christof-

fel symbols) are denoted as ;, or %u- The general covariant derivatives with
respect to an arbitrary linear connection I' are denoted as V, V', D', For the
non-Riemannian objects, constructed from I', the functional dependence is al-
ways explicitly specified, for example R(T").
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A4. Comments on the literature and general remarks

Chapter 1

The equations of the general relativity theory of gravitation (GR) in the
Riemannian spacetime were postulated by A. Einstein [22] in 1915, and simul-
taneously they were derived by D. Hilbert [23] on the basis of the principle
of least action. In 1922, E. Cartan [20] introduced the torsion into the differ-
ential geometry. His studies of the manifolds with torsion were motivated by
the interest in GR. Apparently, being under the influence of the results of the
Cosserats brothers [25] on a continuous medium as a manifold, Cartan pro-
posed [19] to couple the torsion tensor to an internal angular momentum of the
matter. Later, the ideas of Cosserats-Cartan formed the basis of the continuous
theory of dislocations [29].

In the gravity theory, these notions received a substantiation only after the
gauge approach was formulated (H. Weyl [5], C.N. Yang and R. Mills [30],
R. Utiyama [31]). The physical ideas that underlie the gauge theory about the
existence of the fundamental matter fields and the fields mediating interactions
became the basis of R. Utiyama’s attempt to consider the gravitational field
as a gauge one for the Lorentz group SO(3,1) (see also [32]). In his work,
the Lorentz connection for the first time appeared as the corresponding gauge
potential. However, the weak point in the approach of R. Utiyama was the
introduction of the tetrads (metric) beyond the gauge scheme and an ad hoc
requirement of the absence of the torsion. Eventually, these shortcomings were
recongnized. D. Sciama [33] dropped the condition of the vanishing torsion ten-
sor. K. Hayashi [34] and B. De Witt [35] pointed out that the metric could be
associated with a group of the spacetime translations Ty (more precisely, with
the general coordinate transformations, understood as translations), see also
[13, 37]. T. Kibble [36] considered the Poincaré group Pip = SO(3, 1) ® Ty as a
fundamental spacetime symmetry, which allowed him to give a gauge interpreta-
tion of the connection and the metric, cf. also [38]. Taking the Hilbert-Einstein
linear in the curvature Lagrangian as a function of the independent metric and
connection, D. Sciama and T. Kibble derived the field equations of the gauge
Pyp-theory of gravity, later named by A. Trautman [6] as the Einstein-Cartan
theory (ECT). The thorough analysis of this theory is presented in the papers
of F. Hehl [7] and A. Trautman [6] (see also [15, 16]).

Chapter 2

The canonical formalism of systems with singular Lagrangians was construct-
ed by P. Dirac [40]. He was also the first who applied this formalism to the
gravitational field and reduced the Hilbert-Einstein gravitational action of the
canonical form [40]. The Hamiltonian formalism of the gravitational field was
thoroughly studied in the papers of R. Arnowitt, S. Deser, and C. Misner [41].
The same program was realized by K. Kuchai [42, 43, 44] on the invariant
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language making use of the system of arbitrary space-like hypersurfaces, also
extending the canonical formalism to the case of arbitrary matter field min-
imally interacting with the gravitation. In our presentation of the canonical
formalism of gravitating systems, we followed the works of this author.

The proof of the degeneracy of the Lagrangian for the action invariant with
respect to the local group, was borrowed from the lecture of V. P. Frolov at the
Lebedev Physical Institute of the Russian Academy of Sciences.

The relation of the group of invariance of the action in the configuration
space with the corresponding system of canonical transformations in the phase
space, forming the “pseudogroup”, was studied in the papers of E. S. Fradkin,
G. A. Vilkovisky [45, 46], and 1. A. Batalin [47]. The same was done in the paper
of C. Teitelboim [48] who discussed the general coordinate invariance group for
the action of the physical fields in the curved spacetime.

Chapter 3

The systematic method of the choice of dynamically independent degrees of
freedom of the gravitational field was constructed by R. Arnowitt, S. Deser,
and C. Misner [41], and subsequently generalized by K. Kuchaf [44, 52] to the
case of arbitrary gravitating systems with the matter sources.

An important difference of the dynamics of the asymptotically flat open world
from the closed worlds was emphasized by De Witt [53], who attracted attention
to the significance of the surface term in the Hamiltonian of the asymptotically
flat gravitating world. The role of this surface integral in the Einstein theory
was also discussed by T. Regge and C. Teitelboim [51], who connected it with
the generator of the time translations at a spatial infinity.

The dynamics of the linearized gravitational field presented here has been con-
sidered by ADM [41], which identified the two transverse traceless gravitational
wave modes and constructed the Hamiltonian of the gravitational radiation.

Chapter 4

E. Cartan [79] was the founder of the spinor theory. B. Wan der Waerden
and L. Infeld [80] introduced the 2-spinors. H. Weyl [84], V. A. Fock, and
D. D. Ivanenko [85] developed a framework for the spinor analysis in the Rie-
mannian space Vy. The expressions obtained by them for the spin connections
entered the literature as the Fock-Ivanenko coefficients. The Dirac equation
in the Riemann-Cartan spacetime U, was first considered by H. Weyl [83].
V. I. Rodichev [55] demonstrated that the Dirac equation (with the zero mass)
in the Minkowski space M, with torsion becomes a non-linear spinor equation
of Ivanenko-Heisenberg [56] type (that underlies the unified theory of matter
developed by W. Heisenberg [57]). This result was generalized by T. Kibble [36]
to the spaces Uy. The spinor analysis in the space G4 was constructed in [18].
Detailed presentations of the spinor formalism can be found in [81, 82].
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The question, whether the torsion field interacts with vector fields is still
open in the modern literature. A. Trautman [6] and F. Hehl [7] made a con-
vincing observation that the massless vector field should not interact with the
torsion since such a coupling would violate the gauge invariance (see also [89]).
Nevertheless, in the book we decided to demonstrate that the opposite point
of view has some interesting consequences, caused by this interaction. In par-
ticular, the non-linear nature of the vector field equations, arising due to the
(A-Q)-interaction, leads to the existence of the soliton solutions [63].

The conformal transformations introduced in Sec. 4.2., were also considered
independently in [90, 91].

The first non-singular cosmological solutions in the ECT were obtained in [88,
123, 174]. The analysis of different types of spatially homogeneous cosmological
models with the Weyssenhoff fluid is given in [175]. The analogy between the
torsion and the cosmological A-term was indicated in [176, 177].

The first correct formulation of the problem of the particle production was
developed for cosmology in GR by A. A. Grib, S. G. Mamaev, V. M. Mostepa-
nenko [61], L. Parker [76], Ya. B. Zeldovich, A. A. Starobinsky [77]. We follow
[61] in the presentation of the production of the scalar particles in the Uy space-
time.

Chapter 5

The work of T. Kibble [36] is one of main contributions in the framework of
so-called physical approach, where the direct localization of the global transfor-
mation of some group makes it necessary to “compensate” the corresponding
non-covariance of the ordinary derivative by the introduction of the gauge field.
Later works in this direction essentially were focused on the finding of the “true”
gauge group for the theory of gravity, leaving the main structure of the physical
approach unchanged (in the work [94], one can find an incomplete list of the
groups and space-time structures). The criticism of this approach is contained
in [96]. Along with this, the geometrical approach was developed on the basis of
an idea of identifying the potential of the gauge field with a connection on some
bundle over the spacetime. For the Yang-Mills theory, this fact was first noticed
in [95] and later it was fully developed in investigations of A. Trautman [97].
A somewhat intermediate position between the physical and the geometrical
approaches is held by the direction, developed by the group of F. Hehl [7, 98],
which is based not so much on the gauge concept but on the fundamental link
of the local invariance principle with the conservation laws. The latter studies
established a remarkable fact (see also [38]): the source of the gauge field of the
group G is the canonical Noether current corresponding to G-invariance of the
theory.

The current status of the gauge theory of gravity is characterized by the
application of the modern differential-geometric and topological methods for the
study of their structure. The connection structure in the bundle of affine frames
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presented in this book was first proposed in [99, 100], as well as independently
developed in several different formulations in [101]-[105].

The idea to relate the existence of the gravitational field to the spontaneous
breaking of a spacetime symmetry was in different forms expressed by many
authors [97], [106]-[111]. The nonlinear realizations were introduced earlier in
the study of the phenomenological Lagrangians in the theory of chiral symme-
tries [112, 113, 114]. The analysis of the dynamics of the non-linear gauge fields
was considered in the paper of Y.M. Cho [116], and the authors followed this
work in the description of spontaneous breaking in the Higgs mechanism.

Chapter 6

The Lagrangians and the theories based on them considered in Sec. 6.1. were
studied in the following papers: (b) — in [128] (and more consistently in [129]);
(d) see also [129]; (e) — in [130]. The general Lagrangians constructed as a sum
of all possible terms quadratic in the curvature and the torsion (with arbitrary
coefficients) were studied in [131, 132, 133, 138]. Some authors considered the
possibility to restrict the choice of the coupling coefficients by attracting ad-
ditional physical and geometrical ideas such as the requirement of the absence
of the “ghost” and tachyon poles in the tree-level propagator [134, 135], the
validity of Birkhoff’s theorem [136], the correspondence with GR [131], etc.

In Sec. 6.3., when studying the correspondence of the Pjg-theory with GR,
we used the method applied in [137] to the Lagrangian of a particular form. For
a review of the studies of the issue of the cosmological constant in the gravity
and supergravity, see in [139].

The gravitational instantons (such as Euclidean Schwarzschild, Taub-NUT,
CP,) in the Riemannian gravity theory are studied in [142, 143, 144].

Chapter 7

The method of canonical quantization of the degenerate systems and, in par-
ticular, of the gravitational field was pioneered by P. A. M. Dirac [40], B. S. De-
Witt [53] L. D. Fadeev and V. N. Popov [154], E. S. Fradkin and G. A. Vilkovisky
[45]. The path integral technique was introduced into the quantum theory in
the works of Feynman [162]. The method of the covariant quantization of the
gravitational field is studied in detail in [45, 46, 154, 157, 158, 159]. Many pa-
pers are dedicated to the quantization of the cosmological systems in the ADM
formalism. We mention just a few of them, which more clearly characterize the
main features of this approach [162, 163, 165, 178]. In the majority of works,
the study of the quantum dynamics was conducted in the framework of the
model assumptions about cosmology. For example, it was common to assume
homogeneity, or a certain symmetry, to take the majority of the modes of the
physical fields as frozen, to neglect them on one or another stage of evolution,
etc.

A. Peres [166] introduced the equations of the Einstein-Hamilton-Jacobi the-
ory as a link between the classical GR and the quantum geometrodynamics.
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Quantum geometrodynamics was developed in the works of P. A. M. Dirac
[40], B. S. DeWitt [53], and J. A. Wheeler [167]. The attempt to construct the
path integral in the quantum geometrodynamics was made by H. Leutwyler
[169], who, in particular, was the first to propose the correct local measure for
the quantum gravity. The method of the path integration in the quantum ge-
ometrodynamics was constructed in [168, 204]. Old application of the quantum
geometrodynamical method in special models can be found in very many works
of which we mention only a few: [165, 173, 179]-[182]. A special mention de-
serve the attempts of solving the Wheeler-DeWitt equation nonperturbatively
[117]-[119] in the approximation of the so-called ultralocal state in the quantum
gravitodynamics [117].

The Batalin-Fradkin-Vilkovisky (BFV) path integral and operator quantiza-
tion of constrained systems was developed in [214, 215, 216, 217, 218, 219, 220]
starting with the introduction of the relativistic phase space and the nilpotent
BRST operator acting in their representation space [213, 46]. The Batalin-
Marnelius procedure of gauging out the BRST symmetry in the physical sub-
space of this space was built in [221, 222, 223] and used for the construction of
the inner product in quantum geometrodynamics in [204, 206, 208, 207, 210].
These works also convey the consistency between the reduced (physical) phase
space quantization and the Dirac quantization in generic constrained systems
and gravity theory, in particular. This consistency is demonstrated explicitly in
the one-loop order of the semiclassical expansion in [205, 206, 207, 208, 209],
where also the operator realization of quantum Dirac constraints is derived in
the subleading (one-loop) order in the Planck constant.

Widely acclaimed prescriptions for the quantum state of the Universe in
the form of the no-boundary or tunneling wavefunction can be found in [232,
233, 234, 235, 236, 237]. Recent applications of the path integral method in
quantum geometrodynamics are the construction of the microcanonical density
matrix of the early Universe [239], the calculation of its statistical sum for
models dominated by conformal quantum fields, which suppresses to zero in
the ensemble the contribution of the Hartle-Hawking no-boundary state [238]
and imposes an upper subplanckian bound on the energy scale of the new type
of (hill-top) inflationary scenario [240, 241].

Further reading

Two books by M. Blagojevi¢ and F. Hehl [200, 201] on the gauge gravity were
published since the first Russian edition of our monograph. They give a broad
overview of the history and of the recent developments, providing a comple-
mentary discussion of both mathematical and physical aspects of the subject.
In an attempt to fill all the gaps and omissions that reflect our selection of the
topics for the current book, we compiled an essentially complete bibliography
on the gauge approach in gravity and related issues. The alphabetically ordered
list can be found at the end of this book on page 201.
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